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Abstract—We study blind deconvolution of signals defined on the
nodes of an undirected graph. Although observations are bilinear
functions of both unknowns, namely the forward convolutional
filter coefficients and the graph signal input, a filter invertibility
requirement along with input sparsity allow for an efficient linear
programming reformulation. Unlike prior art that relied on perfect
knowledge of the graph eigenbasis, here we derive stable recovery
conditions in the presence of small graph perturbations. We also
contribute a provably convergent robust algorithm, which alter-
nates between blind deconvolution of graph signals and eigenbasis
denoising in the Stiefel manifold. Reproducible numerical tests
showcase the algorithm’s robustness under several graph eigen-
basis perturbation models.

Index Terms—Graph signal processing, robust blind decon-
volution, graph perturbation, eigenbasis denoising, stable recovery.

I. INTRODUCTION

CONSIDER an undirected network graph G(V, E), where
V and E are the vertex and edge sets, respectively. Neural

activities [1], [2], [3], vehicle trajectories [4], [5], [6], infectives
due to an epidemic [7], [8], temperatures monitored by sen-
sors [9], [10], or productivity of various economic sectors [11],
[12], can all be represented as graph signals x ∈ RN on V ,
where |V| = N . Graph Signal Processing (GSP) deals with
representations, filters, and algorithms that exploit the graph-
induced relational structure of these signals [5], [13], [14].
Building on the graph shift operator (GSO) S ∈ RN×N that
encodes the graph topology, i.e.,Sij = 0 if and only if (i, j) /∈ E ,
graph convolutional filters are polynomials H =

∑L−1
l=0 hlS

l

that serve as local aggregation operators, with filter coefficients
h = [h0, . . . , hL−1]� ∈ RL [15], [16], [17].

In this context, here we revisit the blind deconvolution
problem on graphs [8], [18]. Given P graph signals Y =
[y1 . . .yP ] ∈ RN×P that we model as outputs of some poly-
nomial graph filter H (where S is perfectly known, for now),
the goal is to jointly identify the filter taps h and the latent
signals X = [x1 . . .xP ] driving the observations yp = Hxp,
up to scaling. This bilinear inverse problem is ill-posed, so we
assumeX is sparse – say, as when few sources inject a signal that
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spreads on the graph [8]. In this letter, we study the robustness of
existing and new blind deconvolution algorithms in the presence
of graph perturbations.

Related work: Our starting point is a convex relaxation put
forth in [18], feasible under a mild invertibility assumption
on H (Section II) and inspired by the (graph-agnostic) blind
deconvolution method in [19]. The algorithm in [18] outper-
forms its matrix-lifting precursor [8], and comes with exact
recovery guarantees as well as noise stability bounds under
the Bernoulli-Gaussian model for X [20]. However, [8], [18],
[20] rely on perfect knowledge of the GSO (or its eigenbasis),
and performance under pragmatic graph perturbations is yet to
be explored. Resilience to imperfect topology information has
received attention in other GSP contexts; noteworthy contribu-
tions include small perturbation analyses [21], [22], stability
properties of graph neural networks (GNNs) [23], and topology
denoising under signal and connectivity errors [24], [25]. Most
germane to our work, [26] proposed a node-domain, non-convex
blind deconvolution approach from multiple sparse signals on
graphs with edge perturbations. Here, instead, we operate in the
graph frequency domain and prove the method in [18] (which
inspired [26] as well) is stable; see Section III.

Contributions: We derive a new stability result that ensures
the filter estimation error remains manageable even when the
eigenvectors of S (i.e., the graph Fourier basis) exhibit small
perturbations. Modeling an imperfect graph eigenbasis is well
motivated when e.g., the graph is unknown, but eigenvectors can
still be estimated from stationary signals; see [27] and Remark 1.
Our second main contribution is a robust blind deconvolution
formulation and provably convergent optimization algorithm in
the Stiefel manifold [28], to jointly “denoise” the given perturbed
graph eigenbasis (Section IV). Numerical tests showcase the
method’s enhanced robustness relative to the blind deconvo-
lution algorithms in [18], [26]. In the interest of reproducible
research, we share the code used to generate all the figures
in Section V. Concluding remarks are in Section VI. Due to
page constraints, the proof of our main result is deferred to the
accompanying Supplementary Material.

II. PRELIMINARIES AND PROBLEM STATEMENT

We begin by reviewing a convex relaxation approach to blind
deconvolution on graphs, and state the exact recovery conditions
derived in [20]. We then formulate and motivate the new problem
arising when graph knowledge is imperfect.

Convex relaxation for invertible graph filters: Similar to [18],
[20], [26], we henceforth assume the forward convolutional
filter H is invertible. In such case, one can show that the
inverse operator G := H−1 is also a graph filter on G, which
can be uniquely represented as a polynomial in S of degree at
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most N − 1 [15, Thm. 4]. To be more specific, let g ∈ RN be
the vector of inverse-filter coefficients, i.e., G =

∑N−1
l=0 glS

l.
Since S is symmetric, it is diagonalizable as S = VΛV�,
with Λ = diag(λ1, . . . , λN ) collecting the eigenvalues and the
eigenvectors V are akin to Fourier modes [5]. Accordingly,
we equivalently rewrite the forward model Y = HX as X =
GY = Vdiag(g̃)V�Y, where g̃ := ΨNg ∈ RN is the inverse
filter’s frequency response and ΨN ∈ RN×N is Vandermonde
with Ψij := λ

j−1
i [17].

Leveraging the invertibility of H and exploiting sparsity via
an �1-norm criterion, [18] recasts the blind deconvolution task
as a convex and linear inverse problem

ˆ̃g = argmin
g̃
‖Vdiag(g̃)V�Y‖1,1, s. to 1�N g̃ = N, (1)

where ‖X‖1,1 =
∑

ij |Xij |. The constraint in (1) excludes ˆ̃g =
0N and fixes the (arbitrary) scale of the solution; see [20].
Theoretical analysis of the convex estimator (1) is possible with
the following tractable model for random sparse matrices.

Definition 1 (Bernoulli-Gaussian model): We say a random
matrix X ∈ RN×P adheres to the Bernoulli-Gaussian model
with parameter θ ∈ (0, 1), if Xip = Ωipγip/

√
θ, where Ωip ∼

Bernoulli(θ) and γip ∼ Normal(0, 1) are i.i.d. for all i, p.

Let P⊥1 := IN − 1N1�N
N be the projection onto span⊥(1N )

and define matrix Ũ := (V ◦V)P⊥1 ∈ RN×N , where ◦ de-
notes the Hadamard product. One can show the spectral radius
σmax(Ũ) ≤ 1. The ensuing theorem offers a sufficient condition
under which (1) succeeds with high probability.

Theorem 1 (Exact recovery [20]): Consider graph sig-
nal observations Y = Vdiag(h̃0)V

�X0 ∈ RN×P , where X0

adheres to the Bernoulli-Gaussian model with θ ∈ (0, 0.324]

and h̃0 ◦ g̃0 = 1N . Let P ≥ C ′σ−2m log 4
δ , where σm =

min(σ1, σ2, σ3, σ4) and σ1 ∈
(
0,
√
πθ3/2

2

]
, σ2 ∈

(
0,
√
πθ
2

]
,

σ3 > 0, σ4 ∈ (0, 1), δ ∈ (0, 1) are parameters, while C ′ is a
constant that does not depend on P , σm, or δ. Then ˆ̃g = g̃0 is
the unique solution to (1) with probability at least 1− δ, if∥∥P⊥1 g̃0

∥∥
2
≤ a0, (2)

where a0 :=

√
1−σ2

max(Ũ)[(1−σ1)−2θ(1+σ2)](1−σ4)

(1+σ3)
√
θ

.

From (2), one can interpret ‖P⊥1 g̃0‖2 as a measure of the fil-
ter’s (and the problem’s) ill-conditioning. Moreover, increasing
θ within its feasible range will decrease a0, thus challenging
recovery. Please refer to [20] for an expanded discussion.

Problem statement: Going beyond prior algorithmic [18],
[26] and theoretical studies [8], [20] of blind deconvolution on
graphs, in this letter we investigate the robustness of (1) when
the knowledge of G is imperfect. There have been several graph
perturbation models considered in the GSP literature [21], [22],
[23], [24], [25], [26], but given the spectral domain approach
(1) we directly focus on perturbations Δ = V −Vp to the
graph’s eigenbasisV. Given observationsY = Vdiag(h̃)V�X
and perturbed GSO eigenvectors Vp (S is no longer perfectly
known), we ask what is the performance of [cf. (1)]
ˆ̃gp = argmin

g̃
‖Vpdiag(g̃)V�pY‖1,1, s. to 1�N g̃ = N. (3)

Remark 1 (Motivating graph eigenbasis perturbations):
Even when the graph topology S is completely unknown, under
the Bernoulli-Gaussian model (Definition 1) one can still (im-
perfectly) estimate the graph eigenvectors from the observations

Y = HX. Indeed, since Cx := E[xpx
�
p ] = IN , the ensemble

covariance matrix of the observations is

Cy := E
[
ypy

�
p

]
= HE

[
xpx

�
p

]
H� = Vdiag2(h̃)V�.

The conclusion is that the GSO eigenvectors coincide with those
of Cy , and one can form an estimate Vp by diagonalizing the
sample covariance matrix Ĉy = YY�

P−1 ; see also [27].

III. STABLE RECOVERY UNDER GRAPH PERTURBATIONS

Our main stable recovery result asserts that the estimation
error on the inverse filter’s frequency response can be kept at
a manageable level, even when the given GSO eigenbasis is
subject to small errors Δ = V −Vp. Recalling the statement
and conditions of Theorem 1, let S := supp(X0) = supp(Ω).
Defining E := (V −Δ)[Δ� − diag(g̃0)Δ

�H0]X0 ∈ RN×P ,
letE(SC) := E ◦ (1N×N −Ω) be the restriction to the entries in
the complement SC of the support of X0. We can thus establish
the following error bound for the solution of (3).

Theorem 2 (Stable recovery to graph perturbations): Con-
sider the same setting and conditions in Theorem 1, including
(2) for a0 ≥ 0 that does not depend on Δ. Then the estimation
error associated to the solution ˆ̃gp of (3) is bounded by

∥∥∥ˆ̃gp − g̃0

∥∥∥
2
≤

2σmax

(
diag(g̃0)− g̃0g̃

�
0

N

)
‖E(SC)‖1,1

PQ− a0‖E(SC)‖1,1 − ‖[E(SC)]�V �V‖1→2
,

(4)
where Q := C1

√
θ(
√

a20 − (1− σ)2‖P⊥1 g̃0‖22 − σ‖P⊥1 g̃0‖2)
for some σ ∈ [0, 1] and C1 > 0. The operator norm ‖ · ‖1→2

denotes the maximum �2-norm for the columns of its matrix
argument, and � stands for the Kathri-Rao product.

Proof: Included in the Supplementary Material. �
Notice first thatQ ≥ 0, because‖P⊥1 g̃0‖2 ≤ a0 as per (2). Im-

portantly, the denominator in the right-hand side of (4) should be
non-negative to obtain a feasible upper bound. This effectively
imposes a constraint on the magnitude of the error component
E(SC), which should satisfy

‖E(SC)‖F ≤ PQ/M1, (5)

where M1 := a0‖Ē(SC)‖1,1 + ‖[Ē(SC)]�V �V‖1→2 and
Ē(SC) := E(SC)/‖E(SC)‖F . A sufficient condition for (5) to
hold is that ‖E‖F ≤ PQ/M1, since ‖E(SC)‖F ≤ ‖E‖F . Be-
cause ‖E‖F is proportional to the magnitude of Δ, namely

‖E‖F = ‖[Δ� − diag(g̃0)Δ
�H0]X0‖F = M2‖Δ‖F ,

where M2 := ‖[Δ̄� − diag(g̃0)Δ̄
�
H0]X0‖F and Δ̄ :=

Δ/‖Δ‖F , then we can upper bound ‖Δ‖F as

‖Δ‖F ≤ PQ/(M1M2). (6)

The right-hand side of (6) provides an upper bound to the
magnitude of the eigenbasis perturbation that is tolerable. Again,
in the favorable setting where ‖P⊥1 g̃0‖2 is small, e.g., if g̃0 is
closer to the all-ones vector 1N , we will have a larger upper
bound in (6) because Q increases and M2 decreases.

IV. ROBUST BLIND DECONVOLUTION ALGORITHM

Theorem 2 shows the convex relaxation (1) is robust to small
errors Δ in the GSO eigenbasis, complementing the noise
stability results in [20]. Here we develop a new robust blind
deconvolution formulation and associated algorithm to jointly
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Fig. 1. Schematic diagram of an iteration of the robust blind deconvolution of
graph signals (RBDoGS) algorithm.

estimate g̃ and denoise Vp. In Section V we empirically show
it outperforms (3), especially for larger perturbations.

Our idea is to adopt the Huber loss [29] (with small ε ≥ 0)

hε(x) :=

{
x2

2ε , |x| < ε
|x| − ε

2 , |x| ≥ ε
(7)

in order to construct a smooth surrogate f(g̃,V) :=∑
i,j hε(e

�
i Vdiag(g̃)V�yj) to the cost function in (1),

where ei is the i-th coordinate vector. Note that f(g̃,V)
is differentiable with a Lipschitz gradient and f(g̃,V) ≤
‖Vdiag(g̃)V�Y‖1,1 ≤ f(g̃,V) + ε

2 . Accordingly, we propose
to solve the following smooth, manifold-constrained problem

min
g̃,V∈MSt

{
f(g̃,V) +

ρ

2
‖V −Vp‖2F

}
︸ ︷︷ ︸

:=F (g̃,V)

, s. to 1�N g̃ = N, (8)

whereMSt = {V ∈ RN×N |V�V = IN} is the Stiefel man-
ifold of orthogonal matrices. Importantly, we jointly optimize
over the inverse filter frequency response and the denoised
graph eigenvectors, using a criterion F (g̃,V) that combines
data consistency and encourages similarity to the given Vp.

Solving (8) is challenging since the problem is non-convex.
Yet its structure lends itself naturally to an iterative block-
coordinate descent approach in the Stiefel manifold [28]. At
iteration t = 0, 1, 2, . . . we blend: (i) block exact minimization
of (8) w.r.t. g̃ for fixed V[t] to obtain g̃[t+ 1]; and (ii) then
perform one step of block Riemannian gradient descent (BRGD)
w.r.t. V to update V[t+ 1]. The update steps (i)-(ii) are detailed
below and also schematically illustrated in Fig. 1.

Blind deconvolution: At step (i) of iteration t, we compute
a minimizer g̃[t+ 1] of F (g̃,V[t]) by solving the smoothed
convex blind deconvolution subproblem,

g̃[t+ 1] = argming̃f(g̃,V[t]), s. to 1�N g̃ = N, (9)

where V[t] is the eigenbasis estimate from iteration t− 1. In
practice, we can also obtain g̃[t+ 1] by solving (3) with Vp =
V[t], since (3) and (9) are equivalent when ε→ 0.

Eigenbasis denoising: At step (ii), computational considera-
tions motivate applying a single iteration of BRGD to update

V[t+ 1] = RetrV[t](−βt∇̃VF (g̃[t+ 1],V[t])), (10)

where RetrV[t](·) is the retraction mapping at V[t], ∇̃VF (·, ·)
is the Riemannian gradient w.r.t. V, and βt is a step size. Update
(10) can be computed via the Cayley transform V[t+ 1] =
C(M[t])V[t]; see e.g., [30, Example 3.6.2], where

G[t] = ∇VF (g̃[t+ 1],V[t]),

M[t] = G[t]V�[t]−V[t]G�[t],

C(M[t]) =

(
IN +

βt

2
M[t]

)−1 (
IN − βt

2
M[t]

)
. (11)

Algorithm 1: Robust Blind Deconvolution of Graph Signals.
1: Input: Y, Vp, δ > 0 and ε > 0.
2: Initialize t = 0, V[0] = Vp, g̃[0] = 1N .
3: repeat
4: Update g̃[t] by solving (9).
5: Update V[t] via BRGD in (10); e.g. using (11).
6: t← t+ 1.
7: until ‖g̃[t]− g̃[t− 1]‖2 ≤ δ and
‖V[t]−V[t− 1]‖2 ≤ δ.

8: returnˆ̃g := g̃(t) and X̂ := V[t]diag(g̃[t])V[t]�Y.

The procedure in (11) connects the Euclidean gradient G[t] of
F (·, ·) and its BRGD direction that ensures V[t+ 1] ∈MSt.
We determine the step size βt via line search [31]. The pseudo-
code of the novel algorithm for robust blind deconvolution of
graph signals (RBDoGS) is tabulated under Algorithm 1.

The computational complexity of RBDoGS isO(N3) per iter-
ation. Because (9) has a unique minimizer and F (·, ·) is block-i
Lipschitz smooth [28, Definition 4] w.r.t. V, then convergence
of Algorithm 1 follows from [28, Thm. 4].

V. NUMERICAL EXPERIMENTS

For all the experiments in this section we consider Erdös-
Renyi random graphs with N = 20 nodes and edge formation
probability pE = 0.4. We select the degree-normalized adja-
cency matrix as the GSO, i.e. S = D−1/2AD−1/2, where D =
diag(A1N ). Implementation details are in the public code1,
which can be run to generate all plots in Figs. 2 and 3.

Test case 1. Controllable ‖P⊥1 g̃0‖2 and ‖Δ‖F : We draw
inputs X0 ∈ RN×P from the Bernoulli-Gaussian model, with
P = 60 and θ = 0.15. The graph filter H0 = Vdiag(h̃0)V

�
is generated such that g̃0 = 1N + (αP⊥1 b)/‖P⊥1 b‖2, where
b ∼ Normal(0N , IN ). This way we can control ‖P⊥1 g̃0‖2 = α,
and larger α leads to a harder blind deconvolution problem
[cf. (2)]. The observations are generated as Y = H0X0.

In order to simulate graph perturbations with controllable
‖Δ‖F , we apply the parameterized Cayley transformation
C(W, ξ) := (IN + ξW)−1(IN − ξW) to V, with parameter
ξ ∈ [0,∞) and a skew-symmetric matrixWwith unit Frobenius
norm. We generateVp = C(W, ξ)V. The eigenvalues ofW are
all imaginary, i.e., {iμk}Nk=1. Then one can derive

‖Δ‖2F = ‖[IN − C(W, ξ)]V‖2F =

N∑
k=1

4μ2
k

1
ξ2 + μ2

k

, (12)

so ‖Δ‖2F varies from 0 to 4N when ξ varies from 0 to∞. We run
Algorithm 1 with inputs {Y,Vp}, for different values of α and
ξ. To assess the robustness of RBDoGS, we use the convex blind
deconvolution on graphs (BDoG) estimator (3) as baseline [18].
As figures of merit we adopt the root mean square error (RMSE)
REg := ‖ˆ̃g − g̃0‖2/‖g̃0‖2 and the support recovery accuracy

ACCX := |suppτ (X̂)∩suppτ (X0)|
|suppτ (X0)| , where suppτ (·) is the support

function with threshold τ = 0.1. The results are shown in Fig. 2,
where (a) and (c) are 1− REg for RBDoGS and (3), respectively.
Apparently, for the convex approach (3) in [18], [20], the recov-
ery performance 1− REg is decent for small ξ [cf. Theorem 2],

1The code is available from: https://hajim.rochester.edu/ece/sites/gmateos/
code/RBDoGS.zip.

Authorized licensed use limited to: UNIVERSITY OF ROCHESTER. Downloaded on April 03,2025 at 01:47:55 UTC from IEEE Xplore.  Restrictions apply. 

https://hajim.rochester.edu/ece/sites/gmateos/penalty -@M code/RBDoGS.zip
https://hajim.rochester.edu/ece/sites/gmateos/penalty -@M code/RBDoGS.zip


1384 IEEE SIGNAL PROCESSING LETTERS, VOL. 32, 2025

Fig. 2. Improved recovery performance of the RBDoGS algorithm on Erdös-Renyi random graphs with N = 20, P = 60, pE = 0.4, as a function of α =
‖P⊥1 g̃0‖2 and ξ = ‖Δ‖F . (a) and (b) show 1− REg and ACCX for Algorithm 1 (the whiter the better). (c) and (d) show 1− REg and ACCX for the BDoG
baseline that solves (3) with an imperfect Vp [18]. Results depict averages over 100 independent realizations.

Fig. 3. Improved recovery performance of the RBDoGS algorithm on Erdös-Renyi random graphs with N = 20, pE = 0.4, as a function of the sample size P .
(a) - (c) show the RMSE of G, H, X, respectively; and (d) shows ACCX for four competing approaches, including the BDoG baseline that solves (3) with an
imperfect Vp [18], the proposed RBDoGS, the RBD-G algorithm and its variant RBD-G-rew in [26]. Median results over 20 independent realizations.

but it worsens rapidly as ξ increases. Especially for a largerα, the
eigenbasis error proxy ξ has greater impact on the decrease of the
recovery performance of (3). This is consistent with Theorem 2,
since a larger α reduces Q, leading to a lower bound (6) for
‖Δ‖F (and also ξ). RBDoG attains markedly better RMSE. For
small ξ, the recovery error of ˆ̃g is still small – even for larger
α. Small perturbation of V can be almost perfectly corrected
by the RBDoGS algorithm. By comparing (a) and (c), one can
conclude that Algorithm 1 significantly improves the recovery
performance when ξ is larger. From Fig. 2(b) and (d), ACCX

trends are consistent with our discussion for the RMSE.
Test case 2. Covariance matrix eigenvector: To assess re-

covery performance in the scenario of Remark 1, we generate
Bernoulli-Gaussian distributed sources X0 with θ = 0.15, for
different sample sizes P . Instead of constructing an inverse
filter G0, we directly generate the filter H0 =

∑L−1
l=0 hlS

l with
coefficients h = e1 + h′, where e1 = [1, 0, . . . , 0]� ∈ RL for
L = 5 and h′ ∼ Normal(0L, IL) (then normalized ‖h′‖2 = 1).
Once more, the observations are generated as Y = H0X0.

For comparison, we also implement the BDoG approach
in [18] and two recent blind deconvolution methods in [26]
that are robust to edge perturbations, i.e., RBD-G and
RBD-G-rew. Results are depicted in Fig. 3. Apparently, RBD-G
and RBD-G-rew suffer from the fact that the edgewise pertur-
bation model is not ideal to capture the difference between Ĉy

and the true GSO. Hence the RMSE in (a)–(c), i.e., REH =
‖Ĥ0 −H0)‖F /‖H0‖F , likewise REG and REX , all attain fairly
high values (> 0.1). However, for ACCX , both algorithms still
achieve acceptable performance above 0.8. For BDoG (no eigen-
vector denoising), the RMSE of G,H and X is moderate and
around 0.1, consistent with Theorem 2. RBDoGS outperforms

all of the other three baselines and consistently attains the lowest
RMSE. Moreover, Fig. 3(d) shows that it almost perfectly iden-
tifies the support of X0. While (8) is non-convex, Algorithm 1
markedly reduces error with proper initialization Vp extracted
from Ĉy .

VI. CONCLUDING REMARKS

We studied robustness of blind deconvolution on networks,
when required spectral graph information is imperfect. For
the BDoG method in [18], [20], we established a stable re-
covery result by deriving an error bound that holds when the
GSO eigenbasis perturbation is small. We also contributed a
new robust formulation and associated RBDoGS algorithm
to jointly recover the inverse filter and sparse latents, aided
by graph eigenbasis denoising. Numerical experiments show
that RBDoGS compares favorably w.r.t. state-of-the-art ap-
proaches, especially for larger perturbations. Ongoing and fu-
ture work includes generalizations to directed graphs [32],
scalable online algorithms for streaming data, and GSP-aware
supervised learning models leveraging the algorithm unrolling
principle [33].
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Fig. 4. Improved recovery performance of the RBDoGS algorithm on larger, real-world graphs: (a)- (b) Zachary’s karate club in [34] with N = 34 nodes;
(c) - (d) structural brain network studied in [35] with N = 66 nodes. (a) and (c) depict the RMSE of X; while (b) and (d) show ACCX for RBDoGS and
the BDoG baseline that solves (3) with an imperfect Vp [18]. Median results over 20 independent realizations are consistent with those in Fig. 3.

SUPPLEMENTARY MATERIAL

Proof of Theorem 2

For GSO S = V!V
→, we denote a polynomial graph filter

with frequency response h̃ as P(h̃) := Vdiag(h̃)V→. Besides,
we consider the hollow matrix version of the graph filter
M(h̃) := (1N1

→
N

→ IN ) ↑ P(h̃). We are given observations
Y = P(h̃0)X0, where X0 ↓ RN↑P is drawn from the
Bernoulli-Gaussian model with sparsity level ω. Denote the
support of X0 as S = supp(X0), and let M

(S) be the masked
matrix with entries Mij if (i, j) ↓ S , and Mij = 0 otherwise.

The observed, corrupted graph is Sp = Vp!pV
→
p

and we
let ” := V → Vp. Recall we wish to solve problem (3) and
assume the exact recovery condition for the perfectly known
GSO case (” = 0N↑N ) is satisfied, i.e., ↔P

↓
1 g̃0↔2 ↗ a0, for

some a0 ↘ 0 that does not depend on ” or g̃0. By applying
the change of variables w = g̃ ↑ h̃0 and substituting it in
Y = P(h̃0)X0, we have Vpdiag(g̃)V→

p
Y = P(w)[X0 + E],

where E := (V → ”)[”→
→ diag(g̃0)”

→
P(h̃0)]X0. Then,

problem (3) can be equivalently rewritten as

ŵ = arg min
w

↔P(w)[X0 + E]↔1,1, s. to g̃
→
0 w = N. (13)

Note that if there is no eigenbasis perturbation, i.e., V = Vp,
then ŵ = 1N in (13) implies ˆ̃gp = g̃0 in (3). In the presence of
a perturbation ” ≃= 0N↑N , ˆ̃gp→g̃0 in (3) can be bounded in a
similar way as ŵ→1N in (13), since ˆ̃gp→g̃0 = g̃0↑(ŵ→1N ).
Also note that a feasible ω̂ = ŵ → 1N , e.g., g̃

→
0 ω̂ = 0, can be

decomposed as ω̂ = →(a→
b̂)1N + b̂, where a = P

↓
1 g̃0 and

b̂ = P
↓
1 ω̂. Then, we have ŵ = [1 → (a→

b̂)]1N + b̂.
Our goal is to derive bounds for ω̂. To this end, we have

↔P(ŵ)[X0 + E]↔1,1 ↘ ↔P(ŵ)(X0 + E
(S))↔1,1

→ ↔P(ŵ)E(Sc)
↔1,1. (14)

As E
(S) has the same support as X0, it is sparse. From [20,

Proposition 1], we lower bound the first summand in (14) as

↔P(ŵ)(X0 + E
(S))↔1,1 ↘ ↔X + E

(S)
↔1,1 + PQ↔b̂↔2, (15)

where Q := C1

⇐
ω
(√

a2
0 → (1 → ε)2↔a↔22 → ε↔a↔2

)
, with

some ε := |g̃→
0 P↑

1 b̂|
↔b̂↔↔P↑

1 g̃0↔
↓ [0, 1] and C1 > 0. Note that we

have assumed ↔a↔2 ↗ a0, so Q ↘ 0. Next, we upper bound
↔P(ŵ)E(Sc)

↔1,1 in (14) as

↔P(ŵ)E(Sc)
↔1,1 =

∥∥∥
(
1 → a

→
b̂

)
E

(Sc) + P(b̂)E(Sc)
∥∥∥
1,1

↗ ↔E
(Sc)

↔1,1 + (a0↔E
(Sc)

↔1,1 + ↔[E(Sc)]→V ⇒ V↔1↗2)↔b̂↔2.
(16)

Recall 1N should be the ‘ideal’ perturbation-free solution
of (13), so N = g̃

→
0 1N . For optimality, we must have

↔P(ŵ)[X0 + E]↔1,1 ↗ ↔P(1N )[X0 + E]↔1,1

= ↔X + E
(S)

↔1 + ↔E
(Sc)

↔1,1. (17)

From (14)-(17), we find

↔X + E
(S)

↔1,1 + ↔E
(Sc)

↔1,1 ↘ ↔X + E
(S)

↔1,1 → ↔E
(Sc)

↔1,1

+ (PQ → a0↔E
(Sc)

↔1,1 → ↔[E(Sc)]→V ⇒ V↔1↗2)↔b̂↔2

and if PQ → a0↔E
(Sc)

↔1,1 → ↔[E(Sc)]→V ⇒V↔1↗2 > 0, then

↔b̂↔2 ↗
2↔E

(Sc)
↔1,1

PQ → a0↔E
(Sc)↔1,1 → ↔[E(Sc)]→V ⇒ V↔1↗2

.

(18)
Because ˆ̃g = g̃0 ↑ ŵ, the difference vector between ˆ̃g and the
‘ideal’ ground-truth g̃0 is dg = ˆ̃g → g̃0 = g̃0 ↑ w → g̃0 =

g̃0 ↑ (ŵ → 1N ) = g̃0 ↑ ω̂. Recalling that ω̂ = →
g̃→
0 b̂
N

+ b̂ =(
IN → 1N

g̃→
0

N

)
b̂, we can bound the ϑ2 norm of dg as

↔dg↔2 = ↔g̃0 ↑ ω̂↔2 =

∥∥∥∥diag(g̃0)

(
IN → 1N

g̃
→
0

N

)
b̂

∥∥∥∥
2

↗ εmax

[
diag(g̃0)

(
IN → 1N

g̃
→
0

N

)]
↔b̂↔2,

which together with (18), completes the proof. ↭
Numerical tests with larger, real-world graphs

To further assess recovery performance on larger real-world
networks, we tested the RBDoGS algorithm on: (i) the 34-
node Zachary’s Karate Club graph [34]; and (ii) the 66-node
structural brain network studied in [35]. We followed the
same experimental protocol as in Test case 2. Fig. 4 shows
the recovery performance in terms of REX and ACCX , for
RBDoGS and the BDoG baseline. Across graphs (i) and (ii),
the results are consistent with the findings in Section V.
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