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The flow of cerebrospinal fluid (CSF) along perivascular spaces (PVSs) is an
important part of the brain’s system for clearing metabolic waste. Astrocyte
endfeet bound the PVSs of penetrating arteries, separating them from brain
extracellular space. Gaps between astrocyte endfeet might provide a low-
resistance pathway for fluid transport across the wall. Recent studies suggest
that the astrocyte endfeet function as valves that rectify the CSF flow, produ-
cing the net flow observed in pial PVSs by changing the size of the gaps in
response to pressure changes. In this study, we quantify this rectification
based on three features of the PVSs: the quasi-circular geometry, the deform-
able endfoot wall, and the pressure oscillation inside. We provide an
analytical model, based on the thin-shell hoop-stress approximation, and pre-
dict a pumping efficiency of about 0.4, which would contribute significantly
to the observed flow. When we add the flow resistance of the extracellular
space (ECS) to the model, we find an increased net flow during sleep, due
to the known increase in ECS porosity (decreased flow resistance) compared
to that in the awake state. We corroborate our analytical model with
three-dimensional fluid–solid interaction simulations.
1. Introduction
The flow of cerebrospinal fluid (CSF) along perivascular spaces (PVSs) is an
important part of the brain’s system for clearing metabolic waste, but the driv-
ing mechanisms for this flow are not well understood (see the reviews [1–3]).
PVSs surrounding penetrating arteries in the brain cortex are bounded by an
outer wall formed by tiled astrocyte endfeet, with gaps between them. These
gaps potentially provide a low-resistance pathway for exchange of CSF with
interstitial fluid (ISF). Some researchers have suggested that these endfoot
gaps might function as one-way valves that drive a net, directed CSF flow by
rectifying the flow through the gaps [4,5]. A recent study showed that a net
flow through the gaps could be directly related to the net flow in the axial direc-
tion in the pial PVSs observed in experiments [5]. In that model, when the
pressure in the PVS is greater than the pressure in the extracellular space
(ECS), the gaps open and the pressure gradient drives a net flow through the
endfoot wall into the ECS. When the pressure in the PVS is less than that in
the ECS, the gaps close and the pressure gradient cannot drive as much fluid
back into the PVS from the ECS. To compensate, the pressure instead drives
an axial flow along the PVS so that the volume of CSF is conserved. This
directed flow agrees qualitatively with in vivo observations.

Previous studies have shown that if the endfoot gaps are slightly asym-
metric, narrower at the interstitial side than at the perivascular side, then the
oscillating pressure in the PVS can drive a significant net flow of CSF [4].
Although precise in vivomeasurements of the shape and dimensions of the end-
foot gaps are not yet available, these studies indicate that models of brain fluid
flow should explore the possibility that astrocyte endfoot gaps act as valves to
convert fluid oscillations into a directed flow. In this study, we show further that
an endfoot valve mechanism can exist even without a geometric asymmetry of
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Figure 1. (a) A perivascular space lies between an arteriole and the tiled endfeet that form its outer wall, which we idealize as a cylinder of length L. (b) Pressure
in the perivascular space causes the wall radius to expand from r0 to r, the width of the gaps between endfeet to grow from g0 to g, and the wall thickness to
change from T0 to T. At equilibrium, forces due to stresses σw and σz within the wall must balance forces due to the pressure p on its inner surface.
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the gaps. We consider the PVS as an axisymmetric, circular tube encircled by the endfoot wall, assumed to act as a linear elastic
solid. Oscillatory pressure in the PVS causes expansion and shrinking of the outer wall. Increased pressure in the PVS causes the
outer wall to expand, enlarging the gaps, while decreased pressure shrinks the gaps. As CSF passes through the gaps from the PVS
into the surrounding interstitium, this expansion and shrinking acts as a rectifying valve because the fluid flows more easily when
the gaps are larger. Here, we present an analytical hoop-stress model [6], using realistic estimates of parameter values to estimate
how much expansion and shrinking can be expected, and how effective the rectification would be without any prescribed asym-
metry of the gaps. When we include the flow resistance of the ECS in the model, we find an increased net flow during sleep, in
agreement with experiments [7,8], due to the known increase in porosity of the ECS (decreased flow resistance) compared to the
awake state. We also perform full three-dimensional fluid–solid interaction simulations to corroborate the simpler analytical model
and to examine the role of gap geometry.
2. The hoop-stress model
2.1. Description and formulation of the model
We model the PVS as a cylinder of relaxed radius r0 and length L, as sketched in figure 1. The PVS outer wall is composed of a
linear elastic solid having Young’s modulus E, Poisson ratio ν and thickness T. The pressure imposed upon the inner surface of the
PVS wall by the CSF filling the PVS, measured with respect to the pressure in the surrounding parenchyma, is p. In the equilibrium
case, the force due to pressure on the inside surface of the top half of the PVS must be balanced by the force due to azimuthal stress
σw in the PVS wall. Assuming the wall is thin (T≪ r0), the stress is approximately uniform within the wall, so 2r0pL = 2σwTL
(figure 1b) and

sw ¼ pr0
T

: ð2:1Þ

Similarly, the pressure force on the right half of the PVS must be balanced by the axial stress σz in the PVS wall. Again using the
thin-wall approximation leads to ppr20 ¼ sz2pr0T (figure 1c) and

sz ¼ pr0
2T

: ð2:2Þ

This expression is valid regardless of the shape of the ends of the PVS; in particular, they need not be flat. However, the ends are
assumed to be closed, not open. Finally, the radial stress is σr = p.

Having calculated the stresses, we can determine how much the PVS outer wall and its gaps expand and shrink, that is, deter-
mine the strain. According to the Hooke’s Law, the azimuthal strain is

ew ¼ sw

E
� n

E
ðsz þ srÞ ¼ p

E
r0
T
� nr0

2T
� n

� �
� pr0

ET
1� n

2

� �
, ð2:3Þ

where the rightmost expression arises because T≪ r0 [6]. The radius of the PVS is

r ¼ r0ð1þ ewÞ: ð2:4Þ

As an elastic material expands and constricts, gaps in the material do the same. A gap in the endfoot wall that is oriented in the
axial direction thus has width

g ¼ g0ð1þ ewÞ, ð2:5Þ
where g0 is the gap width when p = 0.

Since the total volume of the endfoot wall is constant (for ν = 0.5), we have

2prTL ¼ 2pr0T0L, ð2:6Þ
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where T0 is the thickness of the endfoot wall when p = 0. Combining equations (2.4), (2.5) and (2.6), the thickness can be
expressed as

T ¼ T0
g0
g
: ð2:7Þ

Knowing how the gap size relates to the strain, and therefore to the pressure, we can determine how the size of the gap affects
the flow through it. The volumetric rate at which fluid passes through a wall gap from PVS to parenchyma is

Q ¼ p
R
, ð2:8Þ

where R is the hydraulic resistance of the gap. Neglecting small effects at the ends of the gap, and entrance effects, the hydraulic
resistance is that of fully developed Poiseuille flow between infinite parallel flat walls [9,10]:

R ¼ 12mT
g3L

¼ g0
g

� �4

R0, ð2:9Þ

where R0 ¼ 12mT0=g30L is the flow resistance when p = 0 and μ is the fluid viscosity. A quantity closely related to the hydraulic
resistance and considered in prior studies is the wall permeability k, which is the inverse of the product of the resistance and
the surface area of the PVS wall:

k ¼ 1
2pr0LR

: ð2:10Þ

Combining equations (2.8), (2.9), (2.5) and (2.3) gives

QðtÞ ¼ pðtÞ
R0

pðtÞ r0
ET

1� n

2

� �
þ 1

� �4
, ð2:11Þ

where the dependence on time t has been written explicitly, for emphasis. We can rewrite equation (2.11) in terms of the strain:

QðtÞ ¼ Q0ew(1þ ew)
4, ð2:12Þ

where Q0 ¼ ETR�1
0 r�1

0 ð1� ðn=2ÞÞ�1 is a constant coefficient, or a characteristic flow rate. For small deformations, ew � 1, we can
simplify equation (2.12) by neglecting terms of third and higher order in ew, giving

QðtÞ ¼ Q0(ew þ 4e2w): ð2:13Þ

The first term in equation (2.13) is oscillatory, corresponding to a fluctuating flow of zero mean, and the second term is never nega-
tive, corresponding to a net flow.

Having determined how the flow resistance and flow rate depend on pressure, the final step is to determine how well this
mechanism would produce net flow if driven by pressure variations that are purely oscillatory. A perfect rectifier, driven with
a periodic and zero-mean pressure p(t), would eliminate all fluctuation and produce a steady flow. A more realistic rectifier pro-
duces a flow that has both a mean flow and a fluctuating component. For a pressure that fluctuates with fundamental frequency f,
the mean flow is

Q ¼ f
ðt0þf�1

t0
QðtÞdt, ð2:14Þ

where t0 is an arbitrary time. The amplitude of the fluctuating component can be defined as

Q0 ¼ 2f
ðt0þf�1

t0
ðQðtÞ �QÞ2 dt

 !1=2

, ð2:15Þ

by scaling the root-mean-square amplitude. Then, the effectiveness of rectification can be quantified with the pumping efficiency
h ¼ Q=Q0, whose value is large when the net, directed flow is large compared to the fluctuations. (The inverse of ηwas considered
in [11] and described as a fluctuation ratio.)

All of the parameters in the model and their assumed numerical values are listed in table 1.
2.2. Results
2.2.1. Binary alternating pressure
As a first example, consider an alternating PVS pressure that is positive and constant for the first half of each cycle and negative
and constant for the second half:

pðtÞ ¼ p0, 0 � t � f�1

2 ,

�p0,
f�1

2 � t � f�1,

(
ð2:16Þ



Table 1. Derived quantities.

derived quantities expression unit

azimuthal strain 1w pr0 (1− ν/2)/ET

characteristic strain 10 p0r0 (1− ν/2)/ET

PVS outer radius r ð1þ 1wÞr0 m

endfoot gap width g ð1þ 1wÞg0 m

PVS outer wall thickness T T0=ð1þ 1wÞ m

reference flow resistance R0 12mT0=g30L Pa s m−3

flow resistance R R0=ð1þ 41wÞ Pa s m−3

permeability k 1/2πr0LR m Pa−1 s−1

flow rate Q(t) p/R m3 s−1

mean flow rate Q f
Ð t0þf�1

t0
QðtÞ dt m3 s−1

fluctuating rate Q 0 ð2f Ð t0þf�1

t0
ðQðtÞ � QÞ2 dtÞ1=2 m3 s−1

characteristic flow rate Q0 ET/R0r0(1− ν/2) m3 s−1

pumping efficiency η Q=Q0

Table 2. Parameter values.

parameter value

Young’s modulus E ½103 5� 104� Pa
Poisson’s ratio ν 0.5

pressure fluctuation amplitude p0 133 Pa (1 mmHg)

PVS outer radius r0 15 μm

PVS outer wall thickness T0 [0.5 μm 2 μm]

viscosity μ 7 × 10−4 Pa s

reference endfoot gap width g0 20 nm

arteriole length L 1 mm
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where p0 > 0 is a constant. The mean volume flow rate is

Q ¼ 4
p0
R0

10 ¼ 4Q01
2
0, ð2:17Þ

where 10 ¼ p0r0ð1� n=2ÞE�1 T�1 is a characteristic strain. The amplitude of the fluctuating component is

Q0 ¼
ffiffiffi
2

p
Q010, ð2:18Þ

and the pumping efficiency is

h ¼ 2
ffiffiffi
2

p
10: ð2:19Þ

Now consider the parameter values listed in table 2, which follow Tithof et al. [10] and Gan et al. [5] and are believed to be
reasonably realistic. With these parameter values, the pressure and volume flow rate vary over time as shown in figure 2a,b.
The characteristic strain is 10 ¼ 0:15. The pumping efficiency, which depends only on the strain (equation (2.19)), is η = 0.4
(figure 2c). That is, this simple valve mechanism produces a mean volume flow rate about 40% as great as that of the fluctuating
flow, when the applied pressure p(t) is purely an alternation.

The characteristic resistance is R0 = 2.10 × 1018 Pa s m−3. With the alternating pressure, the endfoot gap width g alternates
between 23 nm and 17 nm (we used g0 = 20 nm), and the PVS radius r alternates between 17.3 μm and 12.3 μm (we used r0 =
15 μm). The hydraulic resistance R therefore alternates between 8.4 × 1017 Pa s m−3 and 3.35 × 1018 Pa s m−3. The mean flow is
Q ¼ 3:79� 10�17 m3 s�1. The amplitude of the fluctuating component is Q0 ¼ 8:96� 10�17 m3 s�1.

Some of these predictions can be compared directly to prior studies. In one study, neurons in the parenchyma, near the outer
wall of a PVS surrounding a penetrating arteriole with diameter approximately 10 μm, were observed to move by approximately
1.5 μm during functional hyperaemia [12]. Another study observed the PVS wall to move by approximately 1 μm, also during
functional hyperaemia [8]. A study of natural sleep–wake variation found the PVS wall moving approximately 2 μm [13]. The typi-
cal permeability of the PVS wall was estimated to be in the range 2 × 10−11 m Pa−1 s−1 to 3 × 10−10 m Pa−1 s−1 [14], based on
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Figure 2. Modelled flow in response to an alternating pressure. With pressure p alternating over time (a), the volume flow rate Q also alternates, but with greater
volume flow in the positive direction (from perivascular space to extracellular space) than in reverse (b). The pumping efficiency η increases linearly with increasing
characteristic strain e0 (c).
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geometrical factors known from prior electron microscopy [15]. The calculations above use quite different reasoning but result in a
similar value of 5.05 × 10−12 m Pa−1 s−1 using equation (2.10) (Our result is about four times smaller than their lower limit as we
only consider a single gap.) With the alternating pressure, the permeability k alternates between 3.72 × 10−12 m Pa−1 s−1 and 1.10 ×
10−11 m Pa−1 s−1. Gan et al. [5], without elucidating a mechanism in greater detail, modelled pressure-dependent permeability fluc-
tuations as a possible rectification mechanism, finding realistic flows when the permeability was chosen to vary by a factor of 2–5
through each alternation of pressure. The above example of alternating pressure results in permeability varying by a factor of 2.93,
within that range. Experimental measurements find η = 2 [11,16], which implies rectification that is better than predicted in the
above example (η = 0.4) by a factor of five, suggesting that this mechanism could contribute but could not single-handedly achieve
the observed rectification.
2.2.2. Sinusoidal alternating pressure
As a second example, we consider PVS pressure varying sinusoidally and having amplitude p0: pðtÞ ¼ p0 sin 2pft. Using equation
(2.11) leads to

QðtÞ ¼ Q0(4120 sin
2 2pftþ 10 sin 2pft): ð2:20Þ

The mean flow is

Q ¼ 2Q01
2
0: ð2:21Þ

The amplitude of the fluctuating component is

Q0 ¼ Q0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
120 þ 4140

q
: ð2:22Þ

Now it becomes clear that the factor of 2 appearing in equation (2.15) ensures that Q0 is the peak amplitude if p(t) varies sinusoid-
ally. The pumping efficiency is

h ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð1=4120Þ

q : ð2:23Þ

Again using the parameter values listed in table 2, the pressure and volume flow rate vary over time as shown in figure 3a,b.
The characteristic resistance and strain remain unchanged. Accordingly, the gap size, PVS radius, resistance and permeability each
also vary with the same amplitude as in the previous example, but now sinusoidally. The mean flow is Q ¼ 1:90� 10�17 m3 s�1.
The amplitude of the fluctuating component is Q0 ¼ 6:62� 10�17 m3 s�1. The pumping efficiency is η = 0.3. In this case, then, the
simple valve mechanism produces a mean flow about one-third as fast as the fluctuating flow, though the applied pressure p(t) is
purely a fluctuation. Again, the predicted typical permeability and range of variation of permeability are similar to prior estimates,
but the rectification is not as good as observed in vivo, suggesting this mechanism could contribute but others may be at play as
well.

According to equation (2.23), for sinusoidally varying pressure, as for alternating pressure, the pumping efficiency η depends
only on the characteristic strain 10. Its variation is shown in figure 3c and is similar to the alternating case.
2.2.3. Asymmetrically alternating pressure
As a third and final example, consider PVS pressure that varies asymmetrically in time, rising more rapidly than it decays, a
characteristic that has been proposed to aid in rectification [12]. One simple asymmetric waveform, similar to one proposed
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Figure 3. Modelled flow in response to a sinusoidal pressure variation. With pressure p varying sinusoidally with time (a), the volume flow rate Q also varies, but
with greater volume flow in the positive direction (from perivascular space to extracellular space) than in the reverse direction (b). The pumping efficiency η
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previously [5] is

pðtÞ ¼
p0 sinð4pftÞ, 0 � t , f�1

4
p0
3 sin 4

3pfðt� f�1Þ	 

, f�1

4 � t , f�1:

8><
>: ð2:24Þ

The volume flow rate is

QðtÞ ¼
Q0ð10 sinð4pftÞ þ 4120 sinð4pftÞ2Þ, 0 � t , f�1

4

Q0
1
3 10 sin

4
3pfðt� f�1Þ	 
þ 4

9 1
2
0 sin

4
3pfðt� f�1Þ	 
2� �

, f�1

4 � t , f�1:

8<
: ð2:25Þ

The mean flow is

Q ¼ Q0
2
3
120

� �
: ð2:26Þ

In this case, the fluctuating flow rate is in a more complicated analytical form. Here, we show only the numerical solution.
The amplitudes of the fluctuating component and the pumping efficiency are calculated numerically (figure 4). The pumping
efficiency reaches 0.15 in the range of strains considered, putting it in the same order of magnitude as in the two earlier
examples, though slightly less. At least with the mechanism considered here, this asymmetric pressure profile does not produce
superior rectification.

2.2.4. Flow resistance in the extracellular space and wake/sleep variations
If fluid passes from the PVS to the ECS through valve-like endfoot gaps, then the pumping efficiency of the system will depend, in
part, on the hydraulic resistance of the ECS. An oscillatory pressure variation will also drive a pressure response in the ECS. To
model these phenomena, we consider the case in which the ECS has a non-zero but constant resistance and the pressure is allowed
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to vary across the ECS but held constant at the outer boundary (which models the PVS of the nearest vein). Equation (2.8) is then
replaced by

Q ¼ p
Rþ Recs0

, ð2:27Þ

where Recs0 is the flow resistance of the ECS between the outer wall of the arterial PVS and the outer boundary. According to
equation (2.12), the total flow resistance can be written as

Rþ Recs0 ¼ R0
g0
g

� �4

þRecs0

R0

" #
: ð2:28Þ

The pressure drop across the endfoot wall is then

p0 ¼ R0

R0 þ Recs0
pðtÞ: ð2:29Þ

This pressure drop causes an azimuthal strain, which can be rewritten as

1w ¼ ðR0=ðR0 þ Recs0ÞÞpðtÞr0
ET

1� n

2

� �
: ð2:30Þ

Combining equations (2.27), (2.29) and (2.28) gives the following expression for the total flow rate:

QðtÞ ¼ pðtÞððR0=ðR0 þ Recs0ÞÞð pðtÞr0=ETÞð1� ðn=2ÞÞ þ 1Þ4
R0ð1þ ððR0=ðR0 þ Recs0ÞÞð pðtÞr0=ETÞð1� ðn=2ÞÞ þ 1Þ4ðRecs0=R0ÞÞ

: ð2:31Þ

Again, we can rewrite equation (2.31) in terms of 1w and neglect terms of third and higher order in 1w, giving

QðtÞ ¼ Q0
(ew þ 4e2w)

1þ 4ew(Recs0=ðR0 þ Recs0Þ) : ð2:32Þ

The denominator in this expression describes an improved estimate of flow rate, taking into account the flow resistance of the ECS.
For this model, we consider the same sinusoidal pressure waveform as before (figure 5a). For different values of Recs0/R0, we still
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observe a greater volume flow in the positive direction than in the reverse direction, and a pumping efficiency that increases mono-
tonically with increasing characteristic strain (figure 5b,c). However, as Recs0/R0 increases, the net flow volume and the pumping
efficiency decrease (figure 5b–f ). If the flow resistance of the ECS is much smaller than the flow resistance of the endfoot wall
(Recs0/R0≪ 1), the model is equivalent to that in the previous model, where the pressure in the ECS is considered to be constant
(the black lines in figure 5b,c). If the flow resistance of the ECS is much larger than the flow resistance of the endfoot wall (Recs0/
R0≫ 1), the pumping efficiency is small and the valve mechanism is ineffective (figure 5f ).

Less CSF flow is observed during wakefulness than during sleep. The permeability of the ECS decreases by about a factor of
five during wakefulness compared to sleep [7,10,17,18]. Hence, the flow resistance of the ECS, which is inversely proportional to
the permeability (equation (2.10)), is about five times larger during wakefulness than during sleep. We can apply our present
model to compare the performance of the valve mechanism during wakefulness to its performance during sleep. We consider
two representative values of Recs0/R0 during sleep, Recs0/R0 = 0.1 (figure 5d ) and Recs0/R0 = 1 (figure 5e), and in each case the
value of Recs0/R0 is five times greater during wakefulness. For these two cases, we find that the mean flow rate during wakefulness
is either 75% or 39% of the flow rate during sleep, for the same value of 10. Note that for the case of Recs0/R0 = 1, a threefold larger
pressure in the PVS is needed to cause the same characteristic strain (10) during wakefulness, according to equation (2.30). The
pumping efficiency decreases monotonically as Recs0/R0 increases (figure 5f ), and, hence, is always smaller during wakefulness
than during sleep.

We can estimate the possible range of values of Recs0/R0 from previous studies. The flow resistance of the ECS derived by
Holter et al. [19] (see also [10]) is

Recs0 ¼
m ln ð½ð1� ðla–v=rarteryÞÞ�2Þ

2pkecsl
, ð2:33Þ

where la–v≈ 200 μm is the median distance between an artery and the nearest venule, rartery≈ 8 μm is the radius of the artery and kecs
is the permeability of the ECS, which falls in the range from 1.2 × 10−17 m2 [19] to 4.5 × 10−15 m2 [20] . Therefore, Recs0 is in the range
from 3.5 × 1016 Pa s m−3 to 1.6 × 1014 Pa s m−3. A previous study estimates the endfoot permeability in the range 2 × 10−11 m Pa−1 s−1

to 3 × 10−10 m Pa−1 s−1 [14]. According to equation (2.10), which relates the permeability and the flow resistance, the endfoot flow
resistance R0 is in the range 3.5 × 1016 Pa s m−3 to 5.3 × 1017 Pa s m−3. Combining the ranges of both parameters, Recs0/R0 falls in
the range 2.8 × 10−4 to 1. IfRecs0/R0≪ 1, the ECS resistance is negligible and themodel is equivalent to the previousmodel. Therefore,
the two cases Recs0/R0 = 0.1 and 1 during sleep (figure 5d–f ) should adequately supplement the previous model.
3. The three-dimensional computational model
In order to corroborate the findings of our analytical hoop-stress model, we created a corresponding three-dimensional (3D) com-
putational model of the fluid–solid interactions involved in the flow rectification (figure 6). The model employs the software
packages preCICE, OpenFOAM and Fenics [21–25]. The preCICE package is used for the partitioned fluid–structure interaction,
coupling OpenFOAM, the fluid-domain solver, and Fenics, the solid-domain solver. OpenFOAM solves for the laminar flow with a
moving mesh, and Fenics solves the solid mechanics of the wall using a finite-element method. A segment of the PVS with a length
of 30 μm is considered. The endfoot wall, immersed in the computational mesh, separates the outer ECS (at radius 25 μm) from the
inner PVS (at radius 15 μm) (figure 6a,d ). The endfoot gaps are modelled as two square holes of side length 2 μm in the endfoot
wall (figure 6a–d; only one hole is shown, and the other is placed symmetrically, on the back of the PVS). The thickness of the
endfoot wall is 2 μm. The elastic modulus of the endfoot wall is 30 kPa, and the Poisson ratio is 0.49. The density of the endfoot
wall (solid phase) is 100 kg m−3. The CSF density is 1000 kg m−3, and the dynamic viscosity of the CSF is 10−3 Pa s.

In figure 6c, a positive pressure (p = 100 Pa) is applied to both end boundaries of the PVS, where the ends of the endfoot wall
are clamped. Positive pressure in the PVS causes a dilation of the endfoot wall and the gaps, pushing CSF from the PVS into the
ECS. In figure 6e, a negative pressure (p =−100 Pa) is applied to both end boundaries of the PVS, causing constriction of the end-
foot wall and the gaps while pulling CSF from the ECS into the PVS. We vary the pressure and measure the maximum azimuthal
strain by calculating the maximum radial strain e ¼ r=r0 � 1 from the simulations (according to equation (2.4)), and we get results
similar to those in the hoop-stress model, as shown in figure 6c. In figure 6f, we calculate the pumping efficiency η using the
steady-state solutions from each group of simulations with pressure of the same amplitude but the opposite sign, and compare
it with the binary alternating hoop-stress model in figure 3c. We find that the results compare favourably. The 3D simulations
thus corroborate the hoop-stress model and the basic flow rectification mechanism. In figure 6g,h, we show how the slit-
shaped gaps (1 μm× 4 μm) deform under the same conditions considered for square holes. Compared to the square cases
(figure 6c,d ), we observe a more dramatic change in gap size due to bending in addition to uniform stretching, and therefore a
higher pumping efficiency (figure 6i).

The slit shape is a better model of the realistic geometry of the gaps, which are long and narrow, so the pumping efficiency
could be higher than that predicted by the hoop-stress model (figure 6f ). However, gaps do not always align with the PVS
axis. In figure 7, we compare the case where the gaps are placed axially (figure 7a) and the case where the gaps are placed per-
pendicular to the axis (figure 7b). With the same pressure applied (p =−100 Pa), we find that the perpendicular gaps (figure 7b)
deform less than the axial gaps (figure 7a). That observation is consistent with the fact that simulations of perpendicular gaps more
closely match our analytical model (figure 7c), which does not account for the extra deformation.

The numerical set-up was tested using two meshes of different size to ensure that the spatial resolution is sufficient.
In figure 8a, we use the cases of p = 1 Pa and p = 10 Pa and calculate the maximum strain and the pumping efficiency, finding
good agreement between the meshes. We compute the steady-state result upon convergence, with a relative error less than
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Figure 6. (a) Axial view of the numerical model of a segment of the perivascular space. The solid endfoot wall is immersed in the fluid domain, separating the
outer extracellular space (ECS, radius 25 μm) from the inner perivascular space (PVS, radius 15 μm). The axial length of the tube is 30 μm. (b) Lateral view of the
numerical model. The blue wire frame shows part of the internal mesh for the fluid domain. The endfoot gaps are modelled as two square holes (width 2 μm) on
the endfoot wall surface. The thickness of the endfoot wall is 2 μm. (c) A positive pressure boundary condition (p = 100 Pa) applied to both ends of the PVS causes
a dilation of the endfoot wall and the gaps in it. (d ) A negative pressure boundary condition (p =−100 Pa) applied to both ends of the PVS causes a constriction
of the endfoot wall and the gaps in it. (e) Strain varies similarly with pressure in simulations and in the analytical hoop-stress prediction. ( f ) Pumping efficiency
varies similarly with strain in the simulations and in the analytical hoop-stress prediction. (g) For the slit-shaped gaps, positive pressure (p = 100 Pa) causes
nonuniform deformation and more expansion of the gaps compared to the square gaps in (c). (h) For the slit-shaped gaps, negative pressure (p =−100 Pa)
causes more shrinkage of the gaps compared to the square gaps in (d). (i) Strain varies similarly with pressure in simulations and in the analytical hoop-
stress prediction. We observed higher pumping efficiency in the slit-shaped gaps compared to the square gaps, indicating the stronger rectification due to the
extra, uneven deformation. Simulations with pressure amplitudes of p0 ¼ ½1, 10, 100� Pa are plotted.
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0.001 (figure 8b). The length of the tube does not appear in the expression for the pumping efficiency in the hoop-stress model,
which essentially assumes a PVS of infinite length. In figure 8c, we compare simulations with different finite tube lengths
(30 μm, 60 μm, 90 μm) but the same slit-shape gap (1 μm× 4 μm), and find that the maximum stress and pumping efficiency do
not differ appreciably with tube length over this range of values. For longer tubes, the gaps are farther away from the clamped
ends. The observation of higher pumping efficiency due to extra deformation is consistent across different tube lengths. We
can therefore confirm that the extra deformation is not an effect of the clamped boundaries at the ends of the tube, but instead
is an effect of the aspect ratio of the gaps.
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4. Discussion
Here, we provided a model of a PVS, with a simple annular configuration, in which the endfoot gaps in the outer wall rectify the
oscillatory flow of CSF to produce a directed flow, in the absence of any geometric asymmetry of the gaps. Our model is based on
reasonable values of several parameters of the glymphatic system, taken from published sources, though some are highly variable
or have large uncertainties. The key quantity is the stretching of the endfoot wall. Experiments have shown that neurovascular-
coupled artery motion drives an endfoot wall deformation of ≈1.5 μm for a penetrating artery PVS with a radius of ≈10 μm
[12,13]. We can therefore estimate an azimuthal strain of 1 � 0:15, from which our model predicts a pumping efficiency of ≈0.4
for the case of binary alternating pressure, or ≈0.3 for the case of sinusoidally varying pressure. In other words, this simple
valve mechanism produces a mean flow about 30% to 40% as fast as the oscillatory flow, even though the pressure variation is
a purely symmetric alternation.

We considered the effects of ECS resistance, which connects in series with the flow resistance of the endfoot wall. Including
ECS resistance suppresses the valve mechanism, but as long as the resistance of the ECS does not exceed that of the endfoot
wall by more than an order of magnitude, it does not greatly change the results. That range of ECS resistances is reasonable,
according to prior publications. The astrocyte endfoot wall is two orders of magnitude less permeable than a similarly thick
layer of ECS [14], whereas the ECS is two orders of magnitude thicker than the endfoot wall in our model (we consider the distance
between the arterial PVS and the nearest venule, an efflux path in the glymphatic model, taking that distance to be 200 μm,
following [19]). Therefore, it is likely that the ECS and endfoot wall have resistances of similar magnitude. However, values of
both of these parameters have large uncertainty and require more precise measurements.

During wakefulness, when the resistance of the ECS increases fivefold, our model predicts significantly less net flow (61% less
for Recs0/R0 = 1 if 10 is left unchanged; see figure 5e) and lower pumping efficiency. These predictions are consistent with in vivo
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observations, which find little net CSF flow in PVSs during wakefulness [7]. Note that three times as much pressure is needed to
cause the same characteristic strain 10 during wakefulness as during sleep, according to our model.

An equation that relates the deformation and the axial flow resistance has been used in previous work [26,27]. Our model
expresses how the deformation changes the radial flow resistance based on the simplified, linear hoop-stress relation and corro-
borates this dependence with 3D numerical simulations. The model assumes linear elastic behaviour of the endfoot wall, based on
experimental observations of small deformations (less than 20%): for larger deformations, nonlinearity should be considered for
better accuracy. Future experiments are needed in order to validate various aspects of the model.

The extent to which the deformation changes the flow resistance of a layer of poroelastic tissue (the endfoot wall, in this case)
depends on several factors, none of which are known to high accuracy. Future experiments reducing the uncertainty in the size of
the gaps between endfeet, the thickness of the endfeet, their material properties E and ν, and the pressure fluctuations in PVSs
would make models like ours more precise. Many features of the endfoot geometry are too small to be resolved in vivo but are
likely to be altered during the fixation processes necessary for postmortem electron microscopy, so inference from system dynamics
may be necessary. Similarly, the pressure can be estimated from observed stretching if the material properties are well known. The
magnitude of endfoot wall stretching due to cardiac pulsation is also highly uncertain, though it seems to be smaller than current
in vivo imaging can resolve. On the other hand, functional hyperaemia deforms endfoot walls by about 1 μm in vivo [8,12].

With realistic pressure pulsation amplitudes, for either functional hyperaemia or cardiac pulsation, our model predicts pump-
ing efficiency four to five times smaller than what is measured in vivo (figures 2–4). Therefore, the rectification mechanism
presented here is not sufficient to explain the observed CSF flow by itself. That said, this mechanism might work in concert
with others, such as bending-based mechanisms [4] or impedance pumping [8]. Modelling the flow that occurs when valve
mechanisms are combined is a fruitful topic for future work.

Astrocyte endfeet are densely decorated with the water channel protein aquaporin-4 (AQP4). Knocking out that protein or pre-
venting its preferential expression on the endfeet hinders glymphatic function [28], but the fluid dynamical mechanism by which
AQP4 enables flow is not precisely known. If AQP4 allows substantial movement of water in and out of endfeet as they stretch
under pressure, it might thin the endfoot wall and widen the endfoot gaps when pressure in the PVS is high, thereby increasing the
pumping efficiency. Future work could test this speculation by simulating endfeet as a poroelastic material instead of a linear solid,
using an approach similar to that of Romanò et al. [29].

The mechanism we have considered always favours an outward radial flow, because high pressure in the PVS simultaneously
expands the gaps in the endfoot wall and pushes CSF outward through those gaps. Fluid is known to flow outward from arterial
PVSs. It is believed, however, that in venous PVSs or nerve sheaths, fluid flows inward through their walls on its way out of the
brain. Our mechanism would not favour that inward radial flow, but also would do little to oppose it, because veins and nerves do
not pulse appreciably. This sort of valve action, then, would be limited to arterial PVSs.

In the model of sinusoidal alternating pressure, which involves dynamical wall motions, the wall velocity is neglected for sim-
plicity. When the wall is moving, the velocity driven by the pressure difference across the wall is actually the fluid velocity relative
to the wall velocity, yet the model remains valid. In experiments, the wall velocity due to cardiac pulsation is ≈10 μm s−1, and that
due to slow neurovascular coupling is ≈1 μm s−1. The CSF flow velocity relative to the endfoot wall (which represents the net flow
transport) is expected to be less than ≈1 μm s−1 [19]. Since the wall velocity could be an order of magnitude greater than the CSF
relative velocity, it would be difficult to measure the latter.

In our 3D simulation, we model the gaps as two holes in the endfoot wall, with a hole width of ≈2 μm. In reality, there are
numerous gaps along the endfoot wall, and the gap width in vivo could be as small as 20 nm, while the radius of the wall is
on the scale of micrometres [14,30]. Thus, although the pumping efficiency in our models is meant to estimate the efficiency
in vivo, the volume flow rates are not.

Though following the same trend, the hoop-stress model and the 3D simulations differ noticeably in terms of pumping effi-
ciency (figure 6f,i). In the hoop-stress model, the flow resistance of the gaps is proportional to Tg3, according to equation (2.9),
which is based on the realistic slit shape of the gaps [10]. Yet in the 3D simulation, where the gaps are modelled as square or rec-
tangular holes, the flow resistance is proportional to Tg4, according to the solution of Stokes flow passing through a tube of
rectangular cross section [9]. Therefore, the flow resistance for the 3D simulation is more sensitive to the value of the gap
width g. The pumping efficiency calculated from 3D simulations is always higher than that predicted by the hoop-stress
model. Choosing extreme aspect ratios of the gap to match the realistic geometry for the 3D simulation introduces extra
deformation, as discussed in §3 (figure 6i). Therefore, we do not expect the 3D simulation to exactly match the hoop-stress model.

Our model is built on the assumption that astrocyte endfeet surrounding penetrating PVSs are separated by gaps which can
expand and contract. At least one prior model [4] made the same assumption. Those gaps are known to lack the tight junctions that
connect vascular endothelial cells [31], suggesting they could expand and contract. Gap width has been estimated to be as small as
20 nm [15] or as large as 5.1 μm [32]. If the gaps are prevented from expanding and contracting by some mechanical constraint,
such as gap junctions that bind adjacent endfeet to each other or proteins spanning between endfeet, no such valve
action would occur. On the other hand, if expansion and contraction do occur, and alter proteins on or near the endfeet, further
biochemical processes might ensue. We leave the exploration of such processes for future work.

Finally, we point out that the valve mechanism proposed here, like those in other recent studies [4,5], includes and depends on
a net flow of CSF out of an arterial PVS into the ECS through endfoot gaps, and hence it has a direct bearing on the important
unresolved question of whether solute transport in the interstitium is due to a combination of advection and diffusion, or to diffu-
sion alone. The glymphatic model includes a slow flow of ISF that transports solutes in the ECS in the parenchyma [33], but
detecting such a flow directly poses a significant challenge (see the recent reviews [2,3]). An early study [34] found evidence
of parenchymal flow in white matter but not in grey matter. Another study [35] found a dependence of solute transport on particle
size and concluded that transport in the parenchyma is by diffusion alone: however, the basis of this finding has been questioned
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[28]. More recent studies have provided indirect experimental evidence for flow of ISF in the parenchyma [36–38]: these studies
present models that show a better fit to tracer data when such a flow is included than when it is not. There is also a theoretical
argument for parenchymal flow [18] based on the observed wake/sleep variation in solute clearance [7]. An inherent feature of
the endfoot valve mechanism we present here is a net flow of CSF into the interstitium, which would act as a source of new
ISF. This net flow, if it occurs, would also necessarily drive a slow flow of ISF within the interstitium, but predicting the speed
and distribution of this flow would require a more comprehensive and complicated model than the local model presented here.
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