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1. Entanglement provides secure information transmission
2. High dimensional Hilbert space (qubits — only 2D)
« time-energy
» transverse spatial coordinates of biphotons
O orbital angular momentum (OAM)
¥ transverse linear position / momentum (quantum image)
3. Long distance communication in free space (turbulence effect)
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Generation of Entangled Photons

Type-ll Spontaneous Parametric Down-Conversion (SPDC)




Generation of Entangled Photons

Type-ll Spontaneous Parametric Down-Conversion (SPDC)

We will restrict ourselves
to degenerate and nearly
collinear SPDC taking,

2ws = 2w; = Wy,

2ks ~ 2k; ~ k)




Theory of SPDC (Gaussian Approx. 1)

BBO 0
PBS

The biphoton state is given by
v) = [ dp. dpi 2. 5) al(7)al (5)]0.0
with the wave function in momentum space

. AL st L
®(ps,pi) = NE,(ps + pi) smc( ; ) exp (sz)

where N is a normalization factor,
Ak: — kp(ﬁs +ﬁz) o ks(ﬁs) o kz(ﬁl) and Sk = k'p(ﬁs +ﬁz) + ks(ﬁs) + kz(ﬁz)

Ep is the transverse profile of the pump.



Theory of SPDC (Gaussian Approx.

BBO 0

PBS
The biphoton state is given by

v) = [ dp. dpi 2. 5) al(7)al (5)]0.0
with the wave function in momentum space

B . AL st L
®(ps,pi) = NE,(ps + pi) smc( ; ) exp (sz)

r ., |
— Nexp [—ﬁ(ps —I—p@)Q] exp [—ﬂ(ps _pz)2]

Law & Eberly, PRL 92, 127903 (2004) 6



Theory of SPDC (Gaussian Approx.

BBO 0

PBS
The biphoton state is given by

v) = [ dp. dpi 2. 5) al(7)al (5)]0.0
with the wave function in momentum space

= - . ArL S L
(I)(ﬁsaﬁz) — NEp(pS +p2) SHIC( i ) exp (Zk_)

2 2
S Nexp | (4 7)?| exp oo (7 )
) exp ¥ Ds T Ds exXp oA Ps — Pi
(position space) )
U (Zs,Z;) — Nexp —5(333 — Z;)°| exp —5(333 + ;)

Law & Eberly, PRL 92, 127903 (2004) 7



Theory of Turbulence

turbulent medium
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propagation distance z
The propagated field in a turbulent medium is given by [Ref: Milonni, AJP 67, 476(1999)]

EM)(Z,2) = e'** / dZ h(Z, 7, 2)e* @) EE) (7 0)

k
where h(Z,2',z) = exp [—(:E’ — I )2] (paraxial limit)

212

The field at z = 0 is given by the Fourier transform of the annihilation operator

BEO)(#,0) ~ / dg () €77



Theory of Turbulence

turbulent medium

| -

propagation distance z

The propagated field in a turbulent medium is given by [Ref: Milonni, AJP 67, 476(1999)]
Note: E(—I—)(f, z) = oikz /df’ h(Z, 7. Z)eiqﬁ(f/)E(—l-)(a—j»/, 0)

1. Turbulent medium is reflected from the statistical character of ¢(").

2. The medium is replaced by a single “phase screen” accounting for all the
phase fluctuation incurred in the propagation to z, i.e., ¢(&') = k fo

3. Fluctuating phase: ¢ile(@)—¢(F)] = ¢—(1/2)Ds (|7 =7"])
Phase structure function D, (|2 — ¢/'|) = a|@ — ¢|>/3 (Kolmogorov)



SPDC + Turbulence

Four-point correlation function

G(&s, §s; T3y ) = (UIEC) (45, 2) EC) (i, 25) D (&, 25) B (&, 2;) | )

////dm dys dm dyz ( )XGO( s?ys7 ;,ago

Free space transfer function
T(---) = M&s — Ty, 26) D" (Ys — Yoo 26) W Ts — Ty, 20) D (Gi — Ui, 24)
All entanglement information is contained in

Go(Zs, o3 Ty Gi) = e~ 2P T 0D =2 PilIZ=T D@ (2, 7,)U* (7, §i)

Remark:

The turbulent medium induces local decoherence:
a) pure state — mixed state

b) non-unitary = disentanglement?
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Quantification of Entanglement

Biphoton density matrix

For CV entanglement

The second moments of the variables provide useful
information about the degree of entanglement. #

Measures of entanglement
1. EPR uncertainty
2. Entanglement of formation

# Hyllus & Eisert, New J. Phys. 8, 51 (2006) 11



Gaussian Approximation 2

Biphoton density matrix

5
Ds(r) = D;(r) = ar?, p=g

Covariance matrix
1
A2 s:A2 ;== A—l B—l
X X 1 ( + )
2
A’p, = A’p;, = A+ B+ ap(p — 1)ep—2—@e2<p—1>, e—0
1
Ax Ax; = — (A_l — B_l)
4
ApsApz =A-B

Azr;Ap, = Ax;Ap; = Az Ap; = Ax;Ap, =0 1



Gaussian Approximation 2

Biphoton density matrix

5
Ds(r) = D;(r) = ar?, p=g

Covariance matrix
1

A2 s:A2 ;== A—l B—l

X X 1 ( —+ )

2 A2 _ p—2_(ap)2 2(p—1)
A®ps =A%p;, = A+ B+ ap(p—1)e 5 € , €—0

1
Ax Ax; = — (A_l — B_l) . e

4 Singularity in A%p
ApsApz =A-B

Azr;Ap, = Ax;Ap; = Az Ap; = Ax;Ap, =0 13



Gaussian Approximation 2

Biphoton density matrix

. B A
with  U(Z,,7;) = N exp [——(:zs -~ :a-ﬁ] exp [——(:Es + :Ez-)zl

0.8 - -

I Expect their impacts to
e ] entanglement degradation
04 | | are very similar.

0.2 - .
0 |
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Gaussian Approximation 2

Biphoton density matrix

D,(r) = ar’?® -OK+> arf/?3

Covariance matrix
1

A2 s:A2 ;== A—l B—l

X X 1 ( —+ )

A%p, = A’p, = A+ B + 2

1
AzsAz; =~ (A~ — B : :

4 No singularity
ApsApz =A-B

Azr;Ap, = Ax;Ap; = Az Ap; = Ax;Ap, =0

15



Control Parameters

Phase structure function (Kolmogorov + Gaussian approx.)

6/3
D, (7“) — 3.44 (L) / ro — the length scale of

o turbulent structure

Effective aperture diameter:

D =2Azx, =2Az; = VA1 + B-1

Control parameters — (i) degree of turbulence: —
ro

| O

(if) degree of initial entanglement: 7 =

B
U (Zs,%;) = N exp [_E(fs — f2)2] exp [——(:Y:’S + :E’@)2]




Effect of Turbulence to Entanglement

EPR uncertainty
A= \/A2(ajs - mz) + A2(ps +pz)

Ingeneral: A <1 entangled

A >1  entangled / disentangled

# Giedke et al., PRL 91, 107901 (2003) 17



Effect of Turbulence to Entanglement

EPR uncertainty
A= \/A2(338 — mz) + A2(p3 +pi)

< 10"
Gaussian A <1 entangled §
. = —1
state: A > 1 disentangled o 10 L
T e n =10 -
We find # e
A o \/(1 + 77_1) ‘|‘ 344(D/T0)2 wm'3 16'3 ' 16:' 16" 10'
— 11 7 Normalized diameter D/rg
Note:

1. Entanglement of the two photons is

totally destroyed if D\ 2
344(—) >n—n""
To

344 (D\? 1471
1+ — + lo
1+n7! (7’0)] g( 1+

# Giedke et al., PRL 91, 107901 (2003) 18

2. 2log A = log




Effect of Turbulence to Entanglement

EPR uncertainty

A = /A2(zs — x;) + A2(ps + p;)

Gaussian A <1  entangled

state: A>1 disentangled

We find #
A— (14+n=1) +3.44(D/rg)?
147

Entanglement of formation for Gaussian states

— how much entanglement is needed to
construct the state

Er =cylogeyr —c_loge_

where cy =1 (ATV2 4 A1/2)2

# Giedke et al., PRL 91, 107901 (2003)

EPR uncertainty A

Entanglement of formation Ep

0.5 F

10” 10" 10’
Normalized diameter D /rg

10’
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Experiment & Preliminary Results

Turbulence medium:

U heat gun
(easy to implement)

O Kolmogorov phase screen
(quantitative degree of
turbulence)

turbulence medium
(heat gun)

12 e
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Experiment & Preliminary Results

Turbulence medium: Singles vs. Position
o heat gun L |
. 2
(easy to implement) 2 2000 -
O Kolmogorov phase screen i e Mo
. . o “' h
(quantitative degree of ; 6000 | | b T
turbulence) 2 in idler path (FWHM ~ 40 ptm)
T 4000 | (FWHM_ 80 um) xf
&
:
_ O 2000 -
Xi ’
0
100 200 300 400
>
Idler Position (micron)
|1} e
(heat gun)
BBO = 0 O+ 104
PBS lxs
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Summary / Outlook

Summary

» Constructed the theory of SPDC spatial coordinates with
turbulence effect

» Approximated the system by a Gaussian model:
— Initial wave function (position & momentum coordinates)
— turbulence power law (phase structure function: 5/3 — 6/3)

« Shown effect of turbulence of the entanglement.
Entanglement is strongly affected at D/r, > 0.5.

« Obtained preliminary experimental results

Next steps

* Quantitative measurement of entanglement vs. turbulence effect

« Use adaptive optics to minimize disentanglement i
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