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Theapplicationof retimingandclockskew schedulingfor improv-
ing the operatingspeedof synchronouscircuits undersetupand
hold constraintsis investigatedin this paper. It is shown thatwhen
both long and short pathsare considered,circuits optimizedby
thesimultaneousapplicationof retimingandclock schedulingcan
achieve shorterclock periodsthanoptimizedcircuitsgeneratedby
applyingeitherof the two techniquesseparately. A mixed-integer
linearprogrammingformulationandanefficientheuristicaregiven
for theproblemof simultaneousretimingandclock skew schedul-
ing undersetupandholdconstraints.Experimentswith benchmark
circuits demonstratethe efficiency of this heuristicandthe effec-
tivenessof thecombinedoptimization.All of thetestcircuitsshow
improvement.For morethanhalf of them,themaximumoperating
speedincreasesby morethan21%over theoptimizedcircuitsob-
tainedby applyingretimingor clockskew schedulingseparately.
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Retiming improves the speedof a digital circuit by relocatingits
storageelementswhile preservingthe functionalityof theoriginal
design.Clock schedulingachievesthesameeffect asretimingby
introducingskew betweentheclock signalsthatcontrolthetiming
of the storageelementswithin a circuit. This paperinvestigates
thesimultaneousapplicationof retimingandclock schedulingfor
increasingthe operatingspeedof a digital circuit. The combined
applicationof thetwo optimizationtechniquesaddsflexibility dur-
ing circuit synthesis.Moreover, it resultsin fastercircuits than if
eitherof thetwo optimizationsis appliedseparately.

Two maincontributionsarepresentedin this paper. First, the
problemof simultaneousretimingandclockschedulingundersetup
and hold constraintsis formulatedas a mixed-integer linear pro-
gram(MILP) with �����! #" constraints,where � is the numberof
wiresin thecircuit. This programcanbesolvedexactly usinggen-
eralMILP solversthatrely on branch-and-bound.Thesecondcon-
tribution of this paperis anefficient andeffective heuristicscheme
for simultaneousretimingandclockscheduling.

Experimentswith benchmarkcircuitsfrom theLGSynth93and
ISCAS89suitesdemonstratethatsimultaneousretimingandclock
schedulingcanyield significantlyfastercircuits thanthe indepen-
dentapplicationof thetwooptimizationtechniques.They alsoindi-
catethekindsof circuit structuresthataremoreamenableto speed-
up by retimingandclock skew scheduling.For morethanonehalf
of the testcircuits, themaximumoperatingspeedimproved by at
least21%over separateretimingor clock skew scheduling.More-
over, our heuristicschemewasordersof magnitudemoreefficient
thantheMILP solver with no sacrificein accuracy.
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Figure1: Simultaneousretiming andclock skew scheduling.(a)
Original circuit. (b) Fastestretimedcircuit with zero skew. (c)
Fastestretimedcircuit with nonzeroskew.

Dueto theircomplementarynature,retimingandclockschedul-
ing have usuallybeeninvestigatedseparately. Retiminghasbeen
investigatedfor a varietyof clockingdisciplines[7, 9, 11, 16], de-
lay models[8, 17], andoptimizationobjectives [1, 4, 13, 15]. A
linear programmingformulationof the clock schedulingproblem
wasfirst describedin [5]. A graph-theoreticalapproachto clock
schedulingwaspresentedin [3]. The combinedapplicationof re-
timing andclock schedulingwasdiscussedin [12]. Retimingand
clock schedulingfor maximumtoleranceto delayvariationsunder
setupandholdconstraintswasinvestigatedin [10]. A two-steppro-
cedurefor maximizingthe operatingfrequency of a synchronous
circuit by combiningretimingandclock schedulingwasproposed
in [2]. That work considersonly setupviolations,however, and
doesnotexploretheexpandedsolutionspacethatresultswhenboth
setupandholdconstraintsareconsidered.

Theremainderof this paperhassevensections.Thesuperior-
ity of combinedretiming andclock schedulingover the separate
applicationof thesetwo optimizationsis describedin Section2.
Backgroundmaterialis givenin Section3. Section4 presentsnec-
essaryandsufficientconditionsfor correcttiming whenoptimizing
a circuit by retimingandclock skew scheduling.Theseconstraints
arerestatedasanequivalentmixed-integer linearprogramin Sec-
tion 5. Our retimingandclock schedulingheuristicis presentedin
Section6. In Section7 the resultsobtainedby theseparateappli-
cationof retiming andclock schedulingarecomparedwith those
obtainedusingtheproposedintegratedretimingandclockschedul-
ing optimizationtechnique.Our contributionsaresummarizedin
Section8.
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An example that illustratesthe effectivenessof simultaneousre-
timing andclock skew schedulingascomparedto theseparateap-
plication of the two optimization techniquesis discussedin this
section. The examplealso shows that the optimal circuit result-
ing from simultaneousretimingandclock skew schedulingcannot
beobtainedby simplycomputinganoptimalretimingof theorigi-
nal circuit with zeroclock skewsandthensequentiallyperforming
clockskew scheduling.

In thecircuit graphshown in Figure1, eachvertex representsa
blockof combinationallogic, andeachedgerepresentsawire. The
rectanglesdenoteedge-triggeredregisters.Thepair 4�536 associated
with eachvertex denotestheminimumandmaximumpropagation



delayof thesignalsthroughthecorrespondinglogic block.
When
7

theclock skew is zero,theminimumclock periodis the
longestdelayof all the combinationalpathsin thecircuit. In this
case,thegoalof retimingis to balancethelongestdelayof all the
datapathsby relocatingthe registers. If nonzeroclock skew is
introduced,however, thecircuit cansuccessfullyoperateat a clock
periodwhichequalsthelargestdifferencein thedelaysof theslow-
estpathandthefastestpathbetweenany pairof registers.

The original circuit depictedin Figure 1(a) achieves a clock
period of 8:9<;3= tu (time units) when the clock skew is zero.
If register > “sees” the clock edgeby ? tu earlier than register @ ,
the circuit can function correctlywith a clock periodof 8A9CBED
tu. This time is the shortestclock periodthat canbe achievedby
schedulingthe clock skews without introducingany signal races,
sincethepropagationdelaydifferencealongthecritical path FHGJI
is B�D tu.

Theretimedcircuit in Figure1(b) is obtainedfrom theoriginal
circuit by shifting register @ backwardacrossblock I andregister> forward acrossblock F . With zero clock skew, this circuit is
optimally retimedandachievesa clock periodof 8K9CB�L tu. If
theclock edgearrivesat register @ earlierthanat register > by B tu,
this retimedcircuit canachieve a shorterclock periodof 8M9NBEO
tu. No furtherclockperiodimprovementsarepossiblebecausethe
propagationdelaydifferencealongpath IQPJF is BEO tu.

In Figure1(c), anotherretimedversionof the original circuit
that is obtainedby shifting register > acrossblock F is shown. For
thiscircuit, theshortestclockperiodthatwill not resultin any tim-
ingviolationswhentheclockskew iszerois 8R9MB�S tu. If theclock
edgearrivesat register @ later thanat register > by ? tu, however,
this circuit canfunction correctlywith a clock periodof 8T9UBV?
tu. This time is the shortestclock periodthat canbe achievedby
applyingbothretimingandclock scheduling,sincethetotal prop-
agationdelayaroundthe cycle is ;#S tu which mustbedistributed
betweentwo combinationalpaths.
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In Subsection3.1, thecircuit anddelaymodelis presented.Back-
groundmaterialfor retimingandclockskew schedulingis givenin
Subsections3.2and3.3,respectively.W�\�
^]_����
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We modelanedge-triggeredcircuit asa directedmultigraph jk9l�mYn � n�ohn�p!q . Thevertices

m
correspondto thecombinationallogic

elementsin thecircuit. For eachvertex rQs m , thepropagationde-
lay of the correspondingcombinationallogic block is

o ��r�" . Our
resultscanbeextendedto includethecasewhereeachlogic block
hasa maximumpropagationdelay

o3tvu�w ��r�" anda minimumprop-
agationdelay

o3tYx y ��r�" .
Thedirectededges� in j modelthe interconnectionsamong

the combinationalblocks. Eachedge z{s|� correspondsto a
wire connectinga combinationalblock output to the input of an-
othercombinationalblock, possiblythroughoneor moreglobally
clocked,edge-triggeredregisters.For eachedgez!s}� , theregister
countof thecorrespondingwire is givenby aninteger, nonnegative
edge-weight

p ��z�" . For every directedcycle of j , thereis anedge
with a strictly positive registercount.W�\ . ~�c#����������[
A retimingof anedge-triggeredcircuit j�9 l�m_n � n�ohn�p!q is a func-
tion ��� mM� Z thatdenotesatransformationof theoriginalcircuitj into a functionally equivalentcircuit jJ�f9 l�mYn � n�ohn�p � q . For
eachedge ���� r in j � , the retimedregistercount

p � is defined

by theequation, p � ��z�"Y9 p ��z�"����3��r�"Y���3����"�� (1)

Underthisdefinition,theoutputof r ’scomputationin j � is gener-
ated �3��r�" clock cycleslater thanin j . For the retimedcircuit j �
to bewell-formed, all edgesz�sg� mustsatisfytheinequalityp ����z�"������ (2)

From Equation(1) it follows that for every vertex pair � n r inm
, thechangein theregistercountalonganypath ���� r depends

only on its two endpoints:p ������"v9 p ����"����3��r�"_���3����" n (3)

where
p ����"�9�� �¡ �� p ��z�" . Thus, the maximumchangein the

registercountof any path � �� r is givenby theexpression,¢ ��� n r�"�9�£�¤�¥§¦ p ����"¨�i� �� r�©M� (4)

Theonly paths � �� r thatcanbecomecombinationalin jJ� , and
thuscouldpossiblyleadto a timing violation, arethosefor whichp ����"�9 ¢ ��� n r�" in j . For eachof the ��� m  " vertex pairs � n r inm

, thequantities

I���� n r�"v9�£«ª�¬J¦ o ����"��1� �� r n�p ����"Y9 ¢ ��� n r�"�© n (5)

­ ��� n r�"v9®£H¤�¥�¦ o ����"��1� �� r nVp ����"Y9 ¢ ��� n r�"�© n (6)

where
o ����"Y9¯��°  �� o ��4�" representthelongestandshortestprop-

agationdelaysfrom � to r , respectively, whenevertheretimedcir-
cuit includesacombinationalpathbetweenthetwovertices.There-
fore, theclock periodof any circuit that is obtainedby retiminga
circuit j is alwayssomeelementin the ��� m  �" -sizesetof I���� n r�" .

When only long pathsare considered,a retimedcircuit that
achievesa givenclock period ± canbecomputedin ��� m �J" steps.
A retimedcircuit thatachievestheminimumpossibleclock period
canbecomputedin ��� m ��� m  ³²�´ m " steps[9].W�\�Wµ]vd ��
�Z§¶�Z�c3·¸¶�
#¹�c#���1d ����[
In synchronousdigital circuits, a clock signal provides a global
time referencethat synchronizesthe flow of the databetweenthe
storageelements.The clock signalsaredeliveredthroughoutthe
circuit by aclock distribution network[6]. Thedifferencebetween
thearrival timesof aclocksignalattwosequentially-adjacentregis-
tersin acircuit is knownastheclockskew betweenthesetwo regis-
ters.A clockscheduleof anedge-triggeredcircuit jº9 l�m_n � n�ohn�p!q
is a real-valuededge-labeling»��¼� � R. This labelingdescribes
thepropagationdelayfrom theglobalclock sourceto eachwire z
in acircuit. By adjustingtheselocal clockskews,timing violations
canbe fixed(or created).Consider, for example,a combinational
path � �� r which is boundedby registersontheedges½��� � andr ��¾� ½ . If »3��z�"¿�º»3��z�À�" , thenthetime availablefor thepropagation
of signalsfrom z to z À decreasesby the difference »3��z�"¨�Á»3��z À " .
This decreasemay cause� to becomea critical pathor eliminate
a racecondition along � . Conversely, if »3��z�"0Â:»3��z�À�" , then the
timeavailablefor thesignalsto propagatefrom z to z�À increasesby
thedifference»3��z�ÀÃ"Y��»3��z�" . This increasemayremove a long path
violationor introducea shortpathviolation.

In theclock schedulingproblem,theclock skews areadjusted
so that no setupor hold violations exist in the circuit. A linear
programmingframework for clock schedulingwasfirst presented



in [5]. A graph-theoreticapproachto clock schedulingwassubse-
quentlyÄ describedin [3]. In both papers,the relative placement
of the storageelementsis assumedto be fixed. Algorithms for
schedulinglocalclocksto improve thetoleranceof acircuit to pro-
cessparametervariationsaredescribedin [14].

ÅÆ]�d ��
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Thissectiondescribesasetof �����  " necessaryandsufficientcon-
ditions that must be satisfiedby a retiming function and a clock
skew schedulingfunction to obtaina circuit thatachievesa target
clock periodwith no setupor hold violations. The following the-
orempresentsa shortest-pathsformulationof theclock scheduling
problemundersetupandhold constraintsandfixed register loca-
tions[5].

Theorem 1 Let j�9 l�mYn � n�ohn�p!q beanedge-triggeredcircuitand± a constant. Moreover, let »®�Ç� �
R be a clock scheduling

function.Then,thecircuit is timedcorrectlyif andonly if for every

edgepair ½ �� � , r � ¾� ½ in � such that
p ��z�"��MB , p ��z À "¿�¯B , and¢ ��� n r�"Y9¯� , wehave­ ��� n r�"���»i��z�"���»3��z À "È��É�Ê�Ë�Ì�Í n (7)I���� n r�"���»3��z�"���»3��z À "�ÂÁ±��}É�Î ��ÏÑÐ¡� � (8)

Thefollowing theoremprovidesa setof �����  " constraintsfor
correcttiming whenclock skew schedulingandretiming areap-
plied simultaneously. Theseconstraintsfollow directly from the
clock schedulingconditionsgicen in Theorem1. The proof is
straightforwardandis omitteddueto lack of space.

Theorem 2 Let j�9 l�mYn � n�ohn�p!q beanedge-triggeredcircuitand± be a constant.Moreover, let ��� mÒ� Z bea retimingfunction
and let »b�v� � R be a clock schedulingfunction. Theretimed
circuit jJ� is well formedandachievesa clock period ± if andonly
if for everyedge�K�� rÓsg� , wehavep ��z�"����i��r�"Y���i����"¨�Á� n (9)

andfor everypair of edges½ �� � n r � ¾� ½Js0� , wehave

����z n z À "�ÔÁ�ÖÕ ¢ �3��� n r�"���B or
p ����z�"Y9�� or

p ����z À "Y9¯� n
(10)

where ����z n z À "�9¯I���� n r�"#��»3��z�"��Ó»i��z À "��«±1�fÉ�Î ��ÏÑÐ¡� for thesetup
constraints,and ����z n z À "H9×��� ­ ��� n r�"���»3��z�"_��»3��z À "���É Ê�Ë�Ì�Í "
for thehold constraints.

Ø /0��Ù3c#��ÚV������c#[hci�¨Ûi����c#���ÈÜY���h[��	�1�
The necessaryandsufficient conditionsin Theorem2 do not ap-
pearto beamenableto efficient algorithmicsolutions.In this sec-
tion we presentan equivalent,mixed-integer linear programming
formulationof theseconstraintsthat canbe solved usinggeneral
MILP solvers.These�����  " constraintsareobtainedby restricting
thesolutionspaceof theconstraintsin Lemma3 while maintaining
their feasibility. The final setof constraintscomprisesonly linear
inequalitieswith integerandrealunknowns.

We first define a companiongraph jJÀÝ9 l�m À n �JÀ n�p À q that
servesasa usefultool for transformingthetiming constraintsfrom
Theorem2 into a mixed-integer linearprogram.The construction
of thegraph j À from thecircuit graph j is identicalto thegraph
presentedin [8]. Eachedge � �� rRs®� is segmentedinto two
edges,� �¡Þ� 4 Ð�ß and 4 Ð�ß ��à� r , where 4 Ð�ß is a dummy vertex.

Theedgez�á hasexactlyoneregisterwherethecorrespondingedgezbs¯� hasa positive registercountandzeroregistersotherwise.
Thus, the register countof z á servesasan index function for the
registercountof the correspondinggeneratingedge zâs¯� . The
edgez  carriesthebalanceof theregistersupto

p ��z�" .
In mathematicalterms,thecompaniongraphjJÀ�9 l�m À n �JÀ n�p À q

is definedasm À 9 mºã ¦Y4 Ð�ß ���K�� rÓsg�Q© n
�JÀ�9 ¦v�}�¡Þ� 4 Ð�ß n 4 Ð�ß ��à� r��1� �� r�sg�Q© n

wherefor eachedge� �� rÓsg� ,p À ��z�á�"ä9 £�¤�¥Hå3B n�p ��z�"¡æ n andp ÀÑ��z  "ä9 p ��z�"���£�¤�¥Jå3B n�p ��z�"¡æ0�
The following lemmarecastsTheorem2 in termsof the com-

paniongraph j À anda correspondingretimingfunction � À . If � À is
known, �3����" canbe obtainedfor every �Rs m by setting �i����"J9��À	����" .
Lemma 3 Let jK9 l�m_n � n�ohn�pçq be an edge-triggeredcircuit, letjJÀ�9 l�m À n �JÀ n�p À q beits correspondingcompaniongraph,andlet± bea constant.Moreover, let � À � m À � Z bea retimingfunction,
and let »�èé�`� �

R be a clock schedulingfunction. Thenthe
retimedcircuit j � is well formedandachievesa clock period ± if
andonly if for everyedge� �� rÓsg� À , wehavep À ��z�"���� À ��r�"ê�ë� À ����"È��� n (11)

for everyedge���¡Þ� 4 Ð�ß s}� À ,p À ��z�á�"���� À ��4 Ð�ß "��ë� À ����"ÈÂºB n (12)

for everypair of edges�}�¡Þ� 4 Ð�ß n 4 Ð�ß ��à� r�s}� ,p À ��z  "¼��� À ��r�"ê��� À ��4 Ð�ß "�Âºì�í�î p À ��z á "���� À ��4 Ð�ß "_��� À ����"ðï n(13)
where ìM9º£«ª�¬çå ¢ ��� n r�"�� ¢ ��r n ��"���� n r�s m æ , andfor every

pair of edges½ �� � n r ��¾� ½�sg� ,

����z n z À "ÈÔ��TÕ ¢ � ¾ ��� n r�"��¯B or
p � ¾ ��z á "v9º� or

p � ¾ ��z Àá "Y9�� n(14)
where ����z n z À "v9ºI���� n r�"3�Ý»3��z�"��«»3��z À "��Ó±h�«É Î ��ÏÑÐ¡� for thesetup
constraints,and ����z n z À "H9U�}� ­ ��� n r�"¼��»i��z�"���»3��z À "ê��É Ê�Ë�Ì�Í "
for thehold constraints.

Theconstraintsin Lemma3 canbesimplifiedby reducingthe
numberof disjunctionsin Relation(14). In the following lemma,
anequivalentsetof constraintsis givenwith only onedisjunction.

Lemma 4 For every pair of edges½ �� � n r ��¾� ½�sÒ� , Rela-
tion (14) is equivalentto thedisjunction,

����z n z À "ÈÂ�� or
p À� ¾ ��z�á�"¼� p À� ¾ ��z Àá "Y� ¢ � ¾ ��� n r�"�Â�B n (15)

where ����z n z À "�9ºI���� n r�"��J»3��z�"¡�ç»3��z À "¡�ç±��!É�Î ��ÏÑÐ¡� and ����z n z À "v9�}� ­ ��� n r�"¼�R»3��z�"���»3��z�ÀÃ"��}É�Ê�Ë�Ì�Í3" for the setupand hold con-
straints,respectively.

The following lemmagivestwo upperboundson thequantityp À� ¾ ��z�áV"�� p À� ¾ ��z Àá "Y� ¢ � ¾ ��� n r�" basedonRelation(15).
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Figure2: Equivalentconvex solutionspace.

Lemma 5 Let ��À³� m À � Z bea retimingfunctionthatsatisfiesthe

conditionsin Lemma3. Then,for everypair of edges½¯�� � n r���¾�½Js0� , p À� ¾ ��z�á�"�� p À� ¾ ��z Àá "_� ¢ � ¾ ��� n r�"ÈÂ�; n (16)p À� ¾ ��z�á�"¼� p À� ¾ ��z Àá "_� ¢ � ¾ ��� n r�"¨Â�;!� ����z n z À "� t�u�w ��z n z À " n (17)

where � t�u�w ��z n z À " is an upperboundof ����z n z À " that dependson
themaximumpossibleclock skew values,which aredeterminedby
thelargestrealizablechip diesize.

Thesolutionspacederived from theboundsin Lemma5 is il-
lustratedin Figure 2. The bold line segmentsrepresentpossible
solutions. The shadedlines and points denotethe points of the
original solution spacethat have beenexcluded using the upper
bounds. The horizontal line in the secondquadrantarisesfrom
Inequality (16), and the slopedupperboundin the first quadrant
arisesfrom Inequality(17). The two vertical lines correspondto
theboundson ����z n z À " .

BasedonLemmas4 and5, thesimultaneousretimingandclock
schedulingproblemcan now be recastas a mixed-integer linear
programwith �����! 3" constraints.

Theorem 6 Let jô9 l�m_n � n�ohn�p!q be an edge-triggered circuit,
and let ± be a constant.Moreover, let �0� m×� Z be a retiming
function,andlet »Ó�õ� � R bea clock schedulingfunction. Then
the retimedcircuit j � is well formedandachievesa clock period8!��jJ��"ÈÂ�± if andonly if for everyedge� �� r�sg� À , wehavep À ��z�"���� À ��r�"���� À ����"¨��� n (18)

for everyedge� �¡Þ� 4 Ð�ß s}�JÀ ,p À ��z á "���� À ��4 Ð�ß "���� À ����"¨ÂºB n (19)

for everypair of edges� �¡Þ� 4 Ð�ß n 4 Ð�ß ��à� r�s}� ,p À ��z  "���� À ��r�"���� À ��4 Ð�ß "�ÂÁìÁí î p À ��z�á�"¼�R� À ��4 Ð�ß "Y��� À ����" ï n(20)
where ì¸9�£«ª�¬`å ¢ ��� n r�"�� ¢ ��r n ��"��1� n rQs m æ , and for every

pair of edges½ �� � n r ��¾� ½Js0� ,

����z n z À "�ÂÁ� t�u�w ��z n z À " n (21)

����z n z À "��Á� t_x y ��z n z À " n (22)

RS��jJ"
1 set j � 9�j
2 ��± n »�"v9º»�±�ö�z o ��>Ñz3��jJ��"
3 while HR ��j � n » n ±�"Y9 success
4 ��±�À n »�"Y9¯»�±Vö�z o ��>Ñz3��j � "
5 if ±VÀ³÷�±
6 then ±�9�± À
7 else if no improvementfor ø consecutive iterations
8 then break
9 return ��jJ� n » n ±V"

Figure3: ProcedureRSfor simultaneousretimingandclock skew
scheduling.

HR ��j � n » n ±�"
1 computeù ÏûúÃü Ê Ï , ý ÏÑúÃü Ê Ï , and j ÏÑú�ü Ê Ï2 if ù ÏÑú�ü Ê Ï containsa directedcycle
3 then return fail
4 else for everyvertex � in a directedþRs0j ÏûúÃü Ê Ï5 if ÿ14 n r�s}þ suchthat ��� n 4�"Ès0ý ÏÑúÃü Ê Ï n ��� n r�"�s}ù ÏÑú�ü Ê Ï6 then shift register � forward
7 return success
8 if ÿ14 n r�s}þ suchthat ��4 n ��"Ès0ý ÏÑúÃü Ê Ï n ��r n ��"�s}ù ÏÑú�ü Ê Ï9 then shift register � backward

10 return success
11 return fail

Figure4: ProcedureHR for heuristicretiming.

p À� ¾ ��z�á�"¼� p À� ¾ ��z Àá "Y� ¢ � ¾ ��� n r�"¨Â�; n (23)

p À� ¾ ��z á "�� p À� ¾ ��z Àá "_� ¢ � ¾ ��� n r�"ÈÂ�;!� ����z n z�ÀÃ"� tvu�w ��z n z À " n (24)

where ����z n z À "v9ºI���� n r�"3�Ý»3��z�"��«»3��z À "��Ó±h�«É�Î ��ÏÑÐ¡� for thesetup
constraints,and ����z n z�À�"H9U�}� ­ ��� n r�"¼��»i��z�"���»3��z�À�"ê��É�Ê�Ë�Ì�Í�"
for thehold constraints.

� �`ci�h�����¡����
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In this sectionwe describea heuristicprocedurefor simultaneous
retimingandclock skew scheduling.This heuristicexecutesfaster
thangeneralMILP solversby examininga subsetof the solution
spaceandcreatingasetof resultsthatconvergetowardstheoptimal
solution. Consequently, sometimesonly a suboptimalsolution is
reached.

A pseudocodedescriptionof our heuristicprocedureRS for
simultaneousretimingandclock skew schedulingis shown in Fig-
ure 3. Given an edge-triggeredcircuit j , this heuristicreturnsa
retimedcircuit jJ� , a minimumclock period ± , anda clock sched-
ule » suchthat j � achieves ± . The main idea in this heuristicis
to iteratively performclockskew schedulingfollowedby retiming.
In line 1, j � is initialized to j . The function »�±Vö�z o ��>Ñz in line 2
computesa clock schedule» that resultsin the shortestpossible
clock period ± for theoriginal j . Subsequently, thewhile loop in
lines3–8iteratesuntil a retimed j � with minimumclock periodis
computed.Eachtime line 3 is executed,aheuristicretimingproce-
dureHR is performedwith theobjective to relaxthe “tight” setup
andhold constraints,that is, theconstraintsthat aresatisfiedwith
equalityunder � , » , and ± . In line 4, clock schedulingis performed
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Figure5: Relocationof registersin procedureHR.

on the retimedcircuit jJ� generatedby procedureHR. The loop
exits whenno new jJ� is found or theclock periodcannotbe im-
proved any further. A predefinednumber ø is introducedso that
thealgorithmcanescapea localminimal.

Thepseudocodeof theheuristicretimingprocedureHR isshown
in Figure4. Threeslack graphs, called ù ÏÑú�ü Ê Ï , ý ÏÑú�ü Ê Ï , and j ÏÑú�ü Ê Ï ,areusedin this procedureto encodethe timing constraintscorre-
spondingto eachclockskew schedule.For eachedgezJs0j � with
nonzeroregister count,a vertex is introducedin all threegraphs.
For eachpair of registersthat are connectedby a combinational
pathin jJ� , if I���� n r�"���»3����"õ�â»i��r�"Y9¯±��0É�Î ��ÏÑÐ¡� , anedge��� n r�"
is addedin ù ÏÑúÃü Ê Ï . Similarly, if

­ ��� n r�"��0»3����"h�Ý»3��r�"Y9�É Ê�Ë�Ì�Í , an
edge ��� n r�" is addedin ý ÏÑú�ü Ê Ï . j ÏÑú�ü Ê Ï is theunion of ù ÏÑú�ü Ê Ï andý ÏÑúÃü Ê Ï with all theedgesin ý ÏûúÃü Ê Ï inverted.

ProcedureHR operatesas follows. In line 1, the threeslack
graphsarecomputed.In lines2–3, theheuristicdeterminesif j �
hasa setof setupconstraintsthat precludesfurther improvement
of the clock periodby retiming or clock scheduling. The circuit
is retimedin lines 4–10so that the registerboundariesof a “crit-
ically imbalanced”circuit segmentapproacheachother. Sucha
segmentexists whenever two registersareconnectedby two pos-
sibly sequentialpathsin which thesetupandhold constraintsare
tight andthedifferenceof maximumandminimumdelaysis maxi-
mum.Thisoperationis illustratedin Figure5. If noregistercanbe
moved,line 11reportsthefailure to build a new j � .

Thefollowing lemmashowsthat lines2–3of theheuristiccor-
rectly terminatethesearchprocedure.Theproof is omitteddueto
lack of space.

Lemma 7 If there existsa directedcycle in ù ÏÑú�ü Ê Ï , the clock pe-
riod of thecircuit cannotbereducedanyfurtherbyretimingand/or
clock scheduling.

In the following two theoremswe demonstratethat procedure
HR alwaysmakesprogresstowardsa shorterclock period. The
first theoremensuresthat whentheslackgraphis acyclic, it is al-
wayspossibleto find aclockschedulefor which thecircuit j � can
achievea shorterclock period.Thesecondtheoremshowsthatthe
registerrelocationin lines4–10breaksany directedcycleswithin
theslackgraph.Proofsareomitteddueto lack of space.

Theorem 8 If no directedcycleexistsin j ÏûúÃü Ê Ï , theclock period
canalwaysbefurtherreducedbyretimingandclock skewschedul-
ing.

Theorem 9 Each executionof lines4–10in procedureHR breaks
a directedcyclein theslack graph j ÏÑú�ü Ê Ï .
� ��Ù�
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This sectionpresentsresultsfrom theapplicationof simultaneous
retimingandclockschedulingonLGSynth93andISCAS89bench-
mark circuits. The following experimentalmethodologywasap-
plied. Theshortestclock periodof eachoriginal circuit underzero

skew wasfirst computed.Subsequently, eachtestcircuit wasop-
timized by retiming,clock scheduling,andsimultaneousretiming
andclock schedulingto achieve the minimum possibleclock pe-
riod. Simultaneousretimingandclock schedulingwasperformed
using the heuristicprocedureRS. It wasalso performedusing a
MILP-basedbranch-and-boundsolver that we implementedinde-
pendently. Our resultsshow thatsimultaneousretimingandclock
schedulingcanresultin significantperformanceimprovementsover
eachof the two optimizationsappliedseparately. Moreover, they
demonstratetheefficiency andeffectivenessof ourheuristic.

Theresultsof our experimentsareshown in Table1. Thefirst
threecolumnsgive the nameand size of eachcircuit in our test
suite. Thesetest circuits were slightly modified versionsof the
LGSynth93and ISCAS89benchmarkcircuits that wereobtained
by introducinganadditionalregisteraroundeachloop. Sincemost
of the original benchmarkcircuits are finite statemachineswith
single-registerloops,they couldnotbeimprovedby eitherretiming
or clock skew scheduling.Thefourth columnof thetablegivesthe
shortestclockperiodthatis achievableby theunoptimizedcircuits.
Theshortestclock periodthat is achievableby optimalretimingor
optimalclock scheduling(whichever is better)is listed in thefifth
column.

Theresultsfrom theapplicationof theheuristicprocedureRS
are listed in columnssix througheight in Table 1. The shortest
clockperiodthatwasachievedby simultaneousretimingandclock
schedulingis givenin thesixthcolumn.Therelative improvement
in theminimumclock periodof thecircuit, which is derivedby di-
viding thedifferenceof columnssix andfive by thedatain column
six, is listed in the seventhcolumn. The eighthcolumngives the
runtimeof theheuristicprocedure.

Theperformanceof our MILP-basedbranch-and-boundsolver
is reportedin columnsninethroughelevenof Table1. This solver
usesatopologicalsortorderto arrangeall integervariables.Oncea
retimingfunctionis computed,theclockdelaysarecomputedusing
a Bellman-Ford single-sourceshortest-pathsalgorithm.For all cir-
cuitsbut s1423, a timeoutequalto 10,000secondswasspecified.
For s1423, the timeout was set to 20,000seconds.The short-
estclock periodthat is computedby theMILP-basedalgorithmis
givenin theninthcolumn.Therelative performanceimprovements
achieved over the bestclock periodachievableby either retiming
or clock schedulingis given in the tenthcolumn. The runtimeof
thesolver is listed in the last column. The letterst/o indicatethat
thealgorithmreachedits timeoutlimit andwasinterrupted.

In our experiments,simultaneousretimingandclock schedul-
ing improved the performanceof all test circuits and resultedin
significantimprovementsfor mostof them.For morethanonehalf
of thetestcircuits,relative improvementsexceeded21%.For most
circuits, the MILP-basedschemeran out of time. Whenever the
MILP solver terminatedwith the optimumanswer, it wastwo to
threeordersof magnitudeslower thantheheuristicapproach.The
heuristicprocedureRSalwayscomputedasolutionthatwasatleast
asgoodasthesolutionobtainedwith theMILP solver. In fact, in
severalcasesit computedabettersolution,becausetheexactMILP
solver reachedthetimeoutlimit. Our experimentswereperformed
on a PentiumProII with 128MBof mainmemory.

Thecapacitanceloadmodelusedin thegatedelaycalculations
wasbasedontheformula �����3í�������ø��#���V�Q����ø o " , whichis derived
from the widely usedlinear delay formula �Q���Çí	����ø��#��� . The
parameters� and � denotethe intrinsic gatedelayand the delay
incrementof a single gateload, respectively. Thesevalueswere
obtainedfrom the library iwls93.mis2lib in the LGSynth93
benchmark.Theparameter����ø o wasuniformly distributedin the
interval [-1,1] to introducea zero-meanvariationto gatedelays.



Table1: Clock periodimprovementsachievedby simultaneousretimingandclockscheduling.

circuit vertex edge 8 £H¤�¥�åE8`� n 8!Î�æ 8���� speedup CPUtime 8`è��! #" speedup CPUtime
count count (tu) (tu) (tu) (%) (sec) (tu) (%) (sec)

daio 24 37 3.24 1.26 0.86 31 0.1 0.86 31 1.0
dk17 31 61 5.21 5.16 4.67 4 0.2 4.67 4 45.8
tav 38 71 3.73 2.22 1.75 21 0.3 1.75 21 1.4

bbtas 41 97 4.10 4.10 3.71 9 0.6 3.71 9 23.4
s208 49 124 5.19 3.77 2.97 21 2.6 3.09 18 t/o
s420 60 191 7.02 5.31 5.06 5 4.6 5.21 2 t/o
bbara 68 195 5.45 4.84 4.50 7 4.2 4.50 7 22.1
dk14 81 250 6.26 5.75 5.58 3 7.0 5.58 3 387.1
ex4 84 221 6.47 6.38 5.80 9 7.1 5.80 9 118.3

s208.1 131 209 8.68 6.00 5.35 11 21.5 6.00 0 t/o
s298 152 283 8.94 7.91 4.41 44 302.4 7.91 0 t/o
s444 245 422 9.92 5.98 4.67 23 2,757.5 5.98 0 t/o
s344 257 377 24.25 19.13 17.89 6 66.7 19.00 0 t/o
s349 263 386 19.03 14.20 13.60 5 68.5 14.20 0 t/o
s382 287 441 15.10 9.26 7.31 21 1,266.7 9.16 0 t/o
s526n 304 561 8.81 6.97 5.23 25 1,426.7 6.97 0 t/o
s400 308 472 16.84 10.59 8.30 23 1,312.0 10.59 0 t/o
s526 342 589 10.36 9.06 5.64 38 2,348.3 9.06 0 t/o
s1423 1034 1515 63.88 57.52 43.08 23 16,541.0 57.52 0 t/o

$�]_����
#d����¡�����
Thispaperhaspresentedaninvestigationof optimizingsynchronous
circuitsto maximizetheiroperatingspeedsby simultaneousretim-
ing andclock scheduling.Our work considersbothsetupandhold
constraints. It is shown that in this context, the combinedopti-
mizationcanresult in fastercircuits than if eitherof the two op-
timizationsis appliedseparately. A precisemathematicalcharac-
terizationof the integratedretimingandclock schedulingproblem
is presentedasa mixed-integer linearprogram.Moreover, aneffi-
cientandeffective heuristicis described.Our experimentalresults
on benchmarkcircuits demonstratethat the combinedapplication
of retimingandclockschedulingcansignificantlyincreasetheper-
formanceof theoriginal circuits.
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