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Abstract

Thevariationof inductancevith circuitlengthis investigatedn this
paper The nonlinearvariationof inductancewith lengthis shavn

to bearesultof inductive couplingamongcircuit sggments.If the
distancebetweerthe forward andreturncurrentpathsof a current
loopis muchsmallerthantheloop length,theinductive couplingto
theforward currentis similar to the couplingto thereturncurrent,
resultingin negligible coupling. The inductanceof thesecircuits
thereforevariesapproximatelinearly with length. Similarly, the
effective inductive couplingbetweentwo parallelcurrentloopsis

reducedhroughcancellatiorandhasa negligible effect onthe net
inductanceof acircuit. As ageneratule, theinductanceof circuits
wherethedistanceébetweertheforwardandreturncurrentis much
smallerthanthe characteristidimensionof the circuit scaledin-

earlywith circuit dimensions.This linearbehaior canbe usedto

simplify theinductancextractionandcircuit analysigprocess.
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1. Introduction

IC performancenasbecomeincreasinglyconstrainedy
on-chipinterconnecimpedances Determiningthe electri-
cal characteristic®f the interconnectt early stagesof the
designprocesshasthereforebecomenecessaryThe layout
processis driven now by interconnectperformancenhere
the electricalcharacteristicef the interconnecareinitially
estimatecindlaterrefined.Impedancestimatioris repeated
throughouthecircuit designandlayoutprocessandshould,
therefore pe computationallyefficient.

Theinductancef on-chipinterconnechasbecomeanim-
portantissuedueto the increasingswitchingspeedof dig-
ital integratedcircuits [1]. The inductive propertiesmust,
therefore be effectively incorporatecht all levels of the de-
sign, extraction,and simulationphasesn the development
of highspeedCs.

Traditionally, inductancds definedasa coeficient relat-
ing a magneticflux througha completecurrentloop to the
loop current. Information characterizinghe currentflow
paths,i.e., the size, shape,and mutual arrangemenof the
currentloops,is requiredto determinethe loop inductance.
In integratedcircuits, however, wherethe interconnectsre
tightly coupledthecurrentreturnpathis typically notknown
prior to the circuit analysis.Therefore anaccurateanalysis
basedntheloopinductancénasprovendifficult to achieve.

Operatingan inductanceextractor within a layout gen-
eratorloop is computationallyexpensve. The efficiency
of inductanceestimationcanbe improved by extrapolating
the inductive propertiesof a circuit from the propertiesof
a precharacterizedet of structures. Extrapolatinginduc-
tance,however, is not straightforvard asthe inductancejn
generalyariesnonlinearlywith the circuit dimensions.The
partialinductanceof a straightline, for example,is a non-
linearfunction of theline length. Theinductive couplingof
two lines decreaseslowly with increasingine-to-line sep-
aration. The partial inductancerepresentatiomf a circuit
consistsof strongly coupledelementswith a nonlinearde-
pendencenthegeometriadimensionsTheinductive prop-
ertiesof acircuit, thereforedo not,in generalyary linearly
with the circuit geometriadimensions.

The objective of this work is to explore the dependence



of inductanceon the circuit dimensionsto provide insight
from acircuit analysigperspectie,andto determinghespe-
cific conditionsunderwhich theinductancepropertiescale
linearly with the circuit dimensionswith the objective of en-
hancingthe layout extractionprocess.A comparisorof the
propertieof thepartialinductancewith the propertiesf the
loop inductances showvn to be effective for this purpose.

Thepaperis organizedasfollows. A brief overview of the
conceptof partialinductancas presentedn Section2. The
dependencef inductanceon theline lengthis discussedn
Section3. Theinductive couplingof parallelconductorss
describedn Section4. Applicationof the resultsin circuit
analysids discussedh Section5. Theconclusionsaresum-
marizedin Section6.

2. Background

The constructof a partial self and mutual inductanceis
usefulin evaluatingthe inductive propertiesof integrated
circuits. Theconcepif a partialinductancevasfirst devel-
opedby Rosain 1908in applicationto linearconductorg?2].
Theneedfor apartialinductancerosebecausainglelinear
conductorglo notform closedoop circuitsin which theto-
tal magneticflux throughthe circuit canbe clearly defined,
permitting the circuit inductanceto be readily determined
throughcalculationof the magneticflux. Thus,the partial
(selfandmutual)inductancaes intendedto representhein-
ductancethat a circuit sggmentcontritutesas a part of a
closedloop circuit. Rosamadean intuitive argumentthat
for this purposeonly the magneticlines betweenthe two
planesperpendiculato the linear conductorand intersect-
ing the conductorendsshouldbe considered.Thatis, the
magnetidlux of interestis the flux throughtheloop formed
by the conductorandthetwo linesoriginatingfrom andper
pendicularto the conductorends;the loop is closedat in-
finity. The remainingmagneticflux is consideredvhenthe
closedloop inductancds calculatedfrom the self and mu-
tual partial inductanceof the circuit segmentsaccordingto
the standardormuleefor seriesandparallelconnectionf
inductors. The conceptproved usefuland was utilized in
theinductancecalculationformulaeandtablesdevelopedby
RosaandCohen[3], RosaandGrover [4], andGrover [5].
A rigoroustheoreticatreatmenbf the subjectwasfirst pro-
videdby Ruehliin [6], wherea generablefinitionof the par
tial inductanceof anarbitrarily shaped-onductoiis givenin
termsof the magneticvectorpotential. Ruehlialso coined
theterm“partial inductance.

The processof calculatingthe inductancebasedon this
partial inductanceconceptproceedsas follows. A closed
loop circuit structureis brokeninto smallerelementseach
of theseelementsdoesnot by itself form a closedcircuit.
Typically, the circuit is partitionedinto elementsf simple
shapesuchasstraightwire element®f constantrossection,
for which preciseand corvenientanalytical partial induc-
tanceformulaeare available. Eachof theseelementss as-

signeda partial selfinductanceEachpair of theseelements
is assigneda partial mutual inductance(althoughnone of
the elementdormsa closedloop). The partial self andmu-
tualinductancesf thecircuit fragmentsandthetopologyof
thefragmentconnectionareall theinformationrequiredto
calculatethe total self andmutualinductanceof the circuit.
If thecircuit is completeandformsaloop, the resultingto-
tal inductances the loop inductanceof the circuit. If the
circuit is a subcircuitof a larger circuit, the resultingtotal
inductancas the partialinductanceof the opencircuit. The
processof calculatingthe total self inductance(aswell as
thetotal mutualinductanceyhouldincludeboththeselfand
mutualinductance®f all of the circuit elementsObserving
theprocessn whichthepartialinductanceof specificcircuit
elementsaffectsthe characteristic®f the entirecircuit can
leadto insightinto the overall behaior of thecircuit.

Therelationshipbetweertheloop andpartialinductances
is particularlystraightforvardfor a circuit composedf se-
riesconnecte@lementsGivenanumberof seriecconnected
elements\, thepartialinductancesanbearrangedn ama-
trix Lij1 <i,j <N, whereL; is the partial selfinductances
of theelement, andLij i # j isthepartialmutualinductance
betweerelements andj (Lij = Lji). Thevalueof L is ney-
ative if thecurrentsn theassociate@lementdglow in oppo-
sitedirections.Theinductancef theentirecircuitis thesum
of all of theelementwf thematrix: Lo = 3 ¥, 3}, Lij (this
expressioris theloopinductancef theelementcompletea
circuit loop or a partialselfinductanceof alargersubcircuit
if thereis nocircuit loop).

A theoreticabasisfor thistransformatiorandexpressions
for calculatingthe partialinductancesre describedn [6].
Analytical expressionscharacterizingthe self and mutual
partialinductanceof straightwire sgmentsasa functionof
theline dimensionsarepresentedh [5] for variouscrossec-
tion shapesandmutualorientations.

TheinductancextractionprogramFastHenry[7] is used
to exploretheinductive propertieof grid structuresA con-
ductiity of 58 S/um~ (1.72uQ -cm)~! is assumedor the
interconnectaterial. Theinductive portionof theimpedances
is shavn to berelatively insensitve to theinterconnectesis-
tivity in therangeof 1.7 uQ -cmto 2.5 pQ - cm (typical for
adwancedprocessewith copperinterconnecf8, 9, 10]).

3. Dependence of inductance on line length

A non-intuitive property of the partial inductancels the
characteristithatthepartialinductancef aline is anonlin-
earfunction of the line length. The partial inductanceof a
straightline is a superlinearfunction of length. The partial
selfinductanceof arectangulatine atlow frequeng canbe
describedy [5]
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whereT andW arethethicknessandwidth of theline, and
| is thelengthof theline in meters.Thelny termis a func-



tion of only the T /W ratio, is smallascomparedo theother
terms(varyingfrom 0 to 0.0025),andhasa negligible effect
on the dependencef the inductancewith length. This ex-

pressioris anapproximationyalid for | > T +W; aprecise
formulafor roundconductorsanbefoundin [2].

Froma circuit analysispoint of view, this nonlinearityis
causedy a significantinductive couplingamongthe differ-
entseggmentsof the sameline. Considera straightline; the
correspondingircuit representatiomf the self inductance
of theline is asingleinductor, asshavn in Fig. 1a. Consider
alsothe sameline astwo shorterlines connectedn series.
The correspondingircuit representatiomf the inductance
of thesetwo linesis two coupledinductorsconnectedn se-
ries,asshavnin Fig. 1b.
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Figurel: Two representationsf a straightline inductance.
(a) The line canbe consideredas a single element,with a
correspondingircuit representatioasasingleinductor (b)
Thesamdine canalsobeconsideredstwo linesconnected
in serieswith a correspondingircuit representatioastwo
coupledinductorsconnectedn series.

Theinductanceof this circuit is
Li+2 =L11+Loo+2L1o. (2

If the partial inductanceis a linear function of length, the
inductanceof the circuit is the sumof theinductanceof its
elementsi.e.,

Liinear = L11+ Loo. 3)

The differencebetweenthe nonlineardependencgsee(2)]
andthe linear dependencésee(3)] is the presenceof the
crosscouplingterm 2L1». This term increaseghe induc-
tancebeyondthelinearvalue,i.e., thesumLj; + Lo, The
crosscouplingtermincreasesvith line lengthanddoesnot
becomesmallascomparedo theselfinductancef thelines
L1 astheline lengthincreases.

However, theloop inductanceof a completecurrentloop
formedby two parallelstraightrectangulaconductorsshavn

in Fig. 2,is givenby [5]

Lioop = 0.4l ('n + 3 Iny+In k) pH,  (4)
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whereP is the distancebetweerthe centerof thelines (the
pitch) andink is atakulatedfunctionof theH /W ratio. This
expressionis accuratefor long lines (i.e., for | > P). The
expressioris alinearfunctionof theline lengthl.

[ P

Figure2: A completecurrentloop formedby two straight
parallellines; (a) a physicalstructureand (b) a circuit dia-
gramof the partialinductance.

To comparethe dependencef inductanceon length for
bothassingleline anda completeloop andto assesshe ac-
curagy of the long line approximationassumedn (4), the
inductanceaxtractor FastHenryis usedto evaluatethe par
tial inductanceof a singleline andthe loop inductanceof
two identicalparallellines forming forward andreturncur-
rentpaths. The crossectiorof thelinesis 1 um x 1um. The
spacingbetweerthelinesin thecompletdoop is 4 um. The
lengthis variedfrom 10 pm to 10 mm.

The linearity of a functionis difficult to visualizewhen
thefunctionargumentspanghreeordersof magnitudgpar
ticularly whenplottedin a semi-logarithmiaoordinatesys-
tem). The inductanceper length, alternatvely, is a corve-
nientmeasuref thelinearity of theinductance Theinduc-
tanceperlength(the inductanceof the structuredivided by
the length of the structure)is independentf the length if
the inductancas linear with length,andvarieswith length
otherwise.

The inductanceper lengthis calculatedfor a singleline
and a two line loop of variouslength. As the linearity of
the dataratherthanthe absolutemagnitudeof the datais of
primaryinteresthere thedataareplottedasa percentdevi-
ationfrom thereferencevalue. Theinductanceperlengthat
alengthof 1 mmis choserasareference Thus,theinduc-
tanceperlengthversudine lengthis plottedin Fig. 3 asaper
centdeviation from the magnitudeof inductanceperlength
ataline lengthof 1 mm. As shavn in Fig. 3, theinductance
perlengthof asingleline changesignificantlywith length.
The inductanceper lengthof a completeloop is practically



constanfor awide rangeof lengths(varyingapproximately
4% over the rangefrom 50 pm to 10,000um). Theinduc-
tanceof acompletdoop can,thereforepe consideredinear
whenthe lengthof the loop exceedsthe loop width by ap-
proximatelyafactorof ten. Notethatin the caseof asimple
structure,suchasthe two line loop shovn in Fig. 2, it is
notnecessaryo useFastHennto producehedatashavnin
Fig. 3. Theformulaefor inductancen [5] canbe appliedto
derivethe datashown in Fig. 3 with sufficientaccurag.
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Figure3: Inductanceperlengthversusline lengthin terms
of the per centdifferenceof theinductanceperlengthfor a
1 mmlong line. Theline crossectioris 1pmx 1uym. The
partial inductanceper lengthof a singleline is represented
by the circles,andthe loop inductanceper lengthof a two
line returncircuit is representedy the squares.

To gainfurtherinsightinto why theinductanceof a com-
plete loop increasedinearly with length while the induc-
tanceof a singleline increasesonlinearly considera com-
pleteloopastwo loop sggmentsconnectedh seriesasshavn
in Fig. 4. Theinductancef theleft sideloopsegment(formed
by line sggmentsoneandtwo) is

Liy2=Li1+La2—2l1 (5)
while the inductanceof the right side sgmentof the loop
(formedby line sggmentghreeandfour) is, analogously

Lara = L33+ Lag— 234 (6)
Theinductanceof theentireloopis

4
> L
i,]=1
= Lu+Lloo+Llaz+Llaa—2L12—2L3

+2L13— 2L14+ 2Log4— 2L 03, (7
Consideringhatl13 = L4 andLy4 = Lp3 dueto thesymme-
try of the structureandsubstituting(5) and(6) into (7), this
expressiorreducego

Lioop = L1it2+Lara+2M, (8)

whereM = Li3— Lig+ Log— Loz =2(L13— L14) is thecou-
pling betweenthe two loop segments. This expressionfor

I—Ioop =

a completeloop is completelyanalogougo (2) for a single
line. Similarto (2), the nonlineartermwithin the parenthe-
sisaugmentsheinductancéeyondalinearvalueof L1 o+
L3+4. An importantdifference however, is thatthe nonlin-
earpartis a differenceof two termsclosein value,because
Liz~Lis andL24 =~ Los.
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Figure4: A completecurrentloop formedby two straight
parallellines consistsof two loop segmentsin series;(a) a
physicalstructureand(b) a circuit diagramof the partialin-

ductance.

Thisbehaior canbeintuitively explainedasfollows. Seg-
mentsthreeandfour are physically(andinductively) much
closerto eachotherthantheseseggmentsareto sggmentone.
The effective distance(the distanceto move one segment
soasto completelyoverlapthe othersegment)betweerline
segmentthreeandline segmentfour is small ascompared
to the effective distancebetweersegmentthreeandsegment
one.Theinductivecouplingis asmoothfunctionof distance.
The magnitudeof the inductive couplingof segmentoneto
segmentthreeis, therefore quite closeto the magnitudeof
thecouplingof segmentoneto segmentfour (but of opposite
signdueto the oppositedirectionof the currentflow).

A mathematicatreatmentof this phenomenortonfirms
this intuitive insight. The mutualpartialinductanceof two
parallelline segmentsfor example,sggmentsoneandfour
shovnin Fig. 4b, is

l1+1 l1+1
1t 2+|2|n 1+1h

Ly =0.1 I1In
l1 l2

~d) . @
wherel; andl; arethesggmentiengths andd is thedistance
betweerthecenteraxesof thesggmentsasshovnin Fig. 4a.
Considerfor example the casewheretheline sggmentsare
of equallength,l; = I; =1/2. Themutualinductanceasa
functionof theaxisdistancel is

Lm(d) = (1In2—d) pH, (10)



whereLy (d) is aweakfunctionof d if d < |. The mutual
inductanceof two segmentsforming a straightline, i.e., L2
in Fig. 1, andLj3 andLy4 in Fig. 2, is Lm(0). The mutual
inductancel14 andLps is Lm(d). The effective inductive
couplingof two loop segments therefore,simplifiesto the
following expression,

4(L13—L14) = 4(Lm(0) —Lm(d)) =0.4d pH.  (11)

Note that this couplingis much smallerthanthe coupling
of two straightsggments,Ly(0), andis independenotf the
loop segmentlengthl. As theloop lengthl exceedsseveral
loop widthsd (asl > d), the couplingbecomesegligible
ascomparedo the selfinductanceof theloop segments.As
comparedo the couplingbetweerntwo singleline segments,
the effective couplingis reducedy a factorof

IVlline _ I—M (O) _ In_ZI_
Mloop B 2(LM (O) - LM(d)) - 2d’

In generaljt canbe statedhatat distancesnuchlargerthan
the effective separatiorbetweertheforwardandreturncur-
rents,the inductive couplingis dramaticallyreducedasthe
couplingof the forward currentandreturncurrentis mutu-
ally cancelledHence theinductanceof alongloop (I > d)
dependdinearly uponthelengthof theloop.

(12)

4. Inductivecouplingbetweentwo parallel loop
segments

As shawn in the previous section,the relative proximity
of the forward andreturncurrentpathsis the reasorfor the
cancellatiorof theinductive couplingbetweenwo loop seg-
mentsconnectedh serieq(i.e., differentsectionf thesame
currentloop).

The sameargumentcan be appliedto show that the ef-
fective inductive coupling betweenwo sectionsof parallel
currentloopsis alsoreduced As in thecaseof the collinear
loop sgmentsconsidereabove, thisbehaior is dueto can-
cellationof thecouplingif thedistancebetweertheforward
and return currentpaths(the loop width) is much smaller
thanthe distancebetweenthe parallelloop segments. The
physicalstructureand circuit diagramof two parallelloop
segmentsareshavnin Fig. 5.

Themutualloop inductanceof thetwo loop segmentsis

Migop = L13— L1a+ Loa— Loa. (13)

Themutualinductancéetweertwo parallelstraightlinesof
equallengthis [2]

wherel is theline length,andd is the distancebetweerthe
line centers. This expressionis an approximationfor the
casewherel > d. The mutualinductanceof two straight
linesis a weakfunction of the distancebetweenthe lines.
Therefore,if the distancebetweenlines one andthreed;s
is much greaterthan the distancebetweenlines threeand

diz
d14

O34

Figure5: Two parallelloop segmentswhereeachloop sey-
mentis formedby two straightparallellines; (a) a physical
structureand(b) a circuit diagramof the partialinductance.

four ds4, suchthatd;z = di4, thenLiz = L14. Analogously
L23 = Lo4. Thecouplingof theloopsMqqp is a difference
of two similar values,which is small as comparedto the
self inductanceof the loop segments. The loop segments
canbe consideredveakly coupledin this case. This effec-

tive decouplingmeansthat the reluctanceof the loop seg-

mentswired in parallelis the sumof the reluctance®f the
individual loop sggments. Alternatively, the inductanceof

the parallelconnectionis theinductanceof two parallelun-

coupledinductorsL| = LLELLE; , Similar to theresistancef

parallelelements.The circuit inductancetherefore varies
linearly with the circuit “width”: as more identical circuit

elementdi.e., loop sggments)areconnectedn parallel,the
inductanceof the circuit decreaseiverselylinearly with

the numberof parallelelements.This linear propertyof in-

ductanceas demonstrateth [11] with specificapplicationto

high performanceower grids.

5. Application to circuit analysis

Although rectangulalines with a unity heightto width
aspectratio are usedin the casestudiesdescribedabove,
theconclusionsarequitegenerakandhold for differentwire
shapesand aspectratios. At low frequencieswherethe
currentdensityis uniform throughouta wire crosssection,
theselfinductanceof awire is determinedy the geometric
meandistanceof the wire crosssectionandthe mutualin-



ductanceof two wiresis determinedyy the geometricmean
distancebetweentwo crosssections,as first describedby
Maxwell [12]. RosaandGrover systematize@ndtakulated
the geometricneandistancedatafor severalpracticallyim-

portantcase$4, 5]. Boththeselfandmutualinductancef a
conductoraremoderatelydependenbntheperimetelength
of theinductorcrosssectionandarevirtually independenof

the conductorcross-sectionathape. For example,the self
inductanceof rectangularconductorswith aspectratios of

1 and 10, but with the sameperimeterength-to-linelength
ratio of 40, differ by only 0.012%,accordingo (1).

Skin effectsreducethe currentdensityaswell asthe mag-
neticfield within thecoreof theconductor Thiseffectslightly
reducesthe self inductanceof a wire and hasvirtually no
effect on the mutualinductance. Proximity effectsin two
neighboringwvirescarryingcurrentin theoppositedirections
(asin aloop formedby two parallelwires) canonly reduce
the effective distancebetweerthe two currents makingthe
loop effectively “longer.” Therefore a uniform currentden-
sity distribution is a conserative assumptiorregardingthe
linearity of inductancewith loop length.

The particularon-chipcurrentreturnpathis rarelyknown
beforeanalysisof the circuit. Neverthelessijf an approxi-
matebut conserative estimateof thedistanced betweerthe
signalwire andthe currentreturn path canbe madewhich
satisfieghelongloop conditionl > d, theinductancecanbe
consideredo vary linearly with the lengthof the structure.
Similar to the resistancend capacitancethe inductanceof
suchastructureis effectively alocal characteristicindepen-
dentof the lengthof the structure. The analysisof a large
interconnecstructurds thereforenotnecessarjo obtainlo-
cal inductive characteristicgherebygreatlysimplifying the
circuit analysisprocess.

6. Conclusions

The variationof the partialandloop inductancewith line
lengthis analyzedn this paper Inductive couplingamong
circuit sggmentsis shavn to be the causeof the nonlinear
variationof inductancewith length.In longloops,the effec-
tive couplingbetweenoop segmentsis small ascompared
to theselfinductanceof the sgmentsdueto themutualcan-
cellation betweenthe coupling to the forward currentand
the couplingto the returncurrent. The inductanceof long
loops, thereforejncreasewirtually linearly with length. In
a similar manner the effective inductive coupling between
two parallelcurrentloopsis reducedhroughcancellatioras
comparedo thecouplingbetweerine sggmentsof thesame
length,andhasa negligible effect on the inductanceof the
circuit. As a generalrule, the inductanceof circuits scales
linearly with circuit dimensionsvherethe distancebetween
the forward and return currentsis much smallerthan the
lengthandwidth of the circuit. This linear propertycanbe
exploitedto simplify the inductanceextractionprocessand
therelatedcircuit analysisof on-chipinterconnect.
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