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Abstract— This paper considers the problem of determining an optimal
clock skew schedulefor a synchronousVLSI circuit. A novel formulation of
clock skewschedulingasa constrainedquadratic programming(QP) problemis
intr oduced.The conceptof a permissiblerange, or a valid interval, for the clock
skewof eachlocal data path is keyto this QP approach.From a reliability per-
spective, the ideal clock schedulecorrespondsto eachclock skew within the
circuit being at the center of the respective permissible range. However, this
ideal clock scheduleis notpractically implementablebecauseof limitations im-
posedby the connectivity among the registerswithin the circuit. To evaluate
the reliability, a quadratic costfunction is intr oducedasthe Euclideandistance
betweenthe ideal scheduleand a givenpractically feasibleclock schedule.This
cost function is the minimization objective of the describedalgorithms for the
solution of the previously mentioned quadratic program. Furthermor e, the
work describedheresubstantially differs fr om previousresearch in that it per-
mits completecontrol over specificclock signaldelaysor skewswithin the cir-
cuit. Specifically, the algorithms describedhere can be employed to obtain
resultswith explicitly specifiedtarget valuesof important clock delays/skews
with a circuit, suchasfor example,the clock delays/skewsfor I/O registers.An
additional benefit is a potential reduction in clock period of up to 10%.

An efficient mathematical algorithm is derived for the solution of the QP
problem with O � r3 � run time complexity and O � r2 � storagecomplexity, where
r is the number of registersin the circuit. The algorithm is implementedasa
C++ program and demonstratedon the ISCAS’89 suiteof benchmark circuits
aswell ason a number of industrial circuits. The work describedhere yields
additional insights into the correlation betweencircuit structure and circuit
timing by characterizing the degree to which specific signal paths limit the
overall performance and reliability of a circuit. This information is directly
applicable to logic and architectural synthesis.

I . INTRODUCTION

This paperaddressesthe taskof determininga non-zero clock
skew schedulethat satisfiesthe tighter timing constraintsof high
speed,VLSI complexity systems. The primary objective of the
clockskew schedulingalgorithmpresentedin thispaperis to max-
imize the toleranceof thecircuit to processparametervariations.
Thistaskis accomplishedby first choosinganobjectiveclockskew
valuefor eachlocaldatapath.A consistentclockskew scheduleis
determinedby applicationof theoptimizationalgorithmdescribed
in this paper. This algorithmminimizesthe leastsquare error be-
tweenthe computedclock skew scheduleandthe objective clock
skew schedule.As in previouswork [1–5], a secondaryobjective
of theclock skew schedulingalgorithmis to increasethesystem-
wideclock frequency.

The paperbegins with reviewing the circuit graph model in
Sec.II. The formulation of the clock skew schedulingproblem�
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asa quadraticprogrammingproblemis discussedin Sec.III along
with the mathematicalproceduresusedto solve the QP problem.
Resultsfor ISCASbenchmarkandindustrialcircuitsarepresented
in Sec.IV andsomeconclusionsarebriefly offeredin Sec.V.

I I . BACKGROUND

In this section,certainpropertiesof a fully synchronousdigital
systemare outlined. Specifically, the timing propertiesof these
systemsaredescribedin Sec.II-A and the graphmodelusedto
representthesesystemsis describedin Sec.II-B.

A. Timing propertiesof a synchronoussystem

An abstractview of a fully synchronoussystemis shown in
Fig. 1. All signal propagationpathswithin the Combinational
Logic arefrom the input to the output. Alternatively, no purely�����
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Fig. 1. A fully synchronoussystem

combinationalpathsexist throughtheClocked Logic—all incom-
ing signalspassthroughoneor moreregisters beforereachingthe
input of the combinationallogic. The Clocked Logic doesnot
necessarilyconsistonly of discreteregisters. Considera clocked
intellectualproperty(IP) block,for example,wheretheIP internal
structureis hiddenbut eachinput signalof the IP block is known
to latchinto a register. With sufficient timing information—(a)the
setupandholdtimesfor thelatchedinputs,and(b) thedelaysof the
pathsstartingataninternalregisterandendingatanoutput—such
IP blockscanbeviewedas‘generalizedregisters’andsuccessfully
usedwithoutexposingtheinternalcircuitry of theseblocks.

An exampleof a local data path [5] (a sequentially-adjacent
pair of registers) delimitedby theregisters 1"2 and 1,3 is shown in
Fig. 2. Suchlocal datapathsarecharacterizedby a minimumand
a maximumsignalpropagationdelay from Qi to D f . The clock
signalsCi andCf aredeliveredto 1"2 and 143 with delayst 2d andt 3d,
respectively, whereasthealgebraicdifference,t 2d 5 t 3d, is known as
theclock skew [1,4,5]. Notethatdependingon thepathdirection
and t 2d and t 3d, the clock skew asdefinedabove may be negative,
zero,or positive [5].

0-7803-5832-X /99/$10.00 ©1999 IEEE.
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Fig. 2. A localdatapath

TheprecisetemporalrelationshipsamongtheC G D G andQ sig-
nals in a local datapath dependon many factors,including the
particulartypesof registersemployed (for an in-depthtreatment
see[5,6]). In themajorityof cases,however, thesetiming relation-
shipsmaybetranslatedinto an interval of valueswhich theclock
skew mayassume[1,5]. A permissiblerange[7] is associatedwith
eachlocal datapath—aclock skew scheduleis feasibleif eachlo-
cal clock skew is within thepathspecificpermissiblerange.Note
that the permissiblerangeof eachlocal datapath is guaranteed
to includethezero—however, non-optimal—clockskew value[8].
Thus,mostsynchronouscircuitsaredesignedto satisfyglobalzero
clockskew. A greatdealof effort hasbeenappliedto thedesignof
clockdistributionnetworkswhichmaintainglobalzeroclockskew
acrossthecircuit [5].

B. Circuit model

The work describedin this paperis basedupon a connected
undirectedgraph [9, 10] model of a synchronouscircuit. For-
mally, thegraph H C of a circuit C with r registersandp local data

pathsis thesix-tuple H C IKJ V L CM G E L CM G A L CM G h L CMl G h L CMu G h L CMd N , where

V L CM IPO v1 G�Q-Q-Q vr R , E L C M IKO e1 G-Q�Q-Q ep R , andA L CM ITS a L CMi j U r V r arethe
setof vertices,set of edges,andsymmetricadjacency matrix ofH C, respectively. Eachvertex from V L C M representsa generalized
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Fig. 3. A circuit graph—edgesfrom thespanningtreearethicker

registerof C, i.e., eithera discreteregisteror any block with an
individually controlledclock signal. Eachedgefrom E L C M corre-
spondsto a local datapath from one generalizedregister to an-

other. Themappingsh L CMl : E L CM4}~�� andh L C Mu : E L CM4}~�� to theset
of realnumbers� assignthelower andupperclock skew bounds,

lk G uk � � G respectively, for ek � E. Theedgelabelingh L CMd definesa
directionof signalpropagationfor eachedgevx G ez G vy suchthatthe
clock skew sz I t �d 5 t �d. For brevity, thesuperscript� C� is omitted
for therestof thepaperunlessacircuitmustbeexplicitly indicated,
while theterms,register/vertex andedge/localdatapath,areused
interchangeably. A simpleexampleof thegraph H of acircuit with
r I 5 registersandp I 6 localdatapathsis shown in Fig. 3—note
thepermissiblerangeS l G uU andthedirectionarrow labeledoneach
edge.

A graphis built from a circuit in a naturalway (addinga ver-
tex per registerand a properly labelededgeper local datapath)
with two notableexceptions.By construction,H hasno loopsor
parallel edges,i.e., H is a simplegraph[10]. Loopsvx G ey G vx are
discardedexcept for assertingthat zeroclock skew is within the
loop permissiblerange S ly G uy U . Multiple edgesareeliminatedby
using the graphtransformationsdepictedin Fig. 4. Specifically,

W]� W]� W]� W]��_ `z�-� acb �-� df_ ` � � � acb � � � dg _ ` � � acb � � d�� _�� b � � � a �
` � � � df
(a)Graphtransformationrule to eliminatetwo-edgecycles

W]� W � W]� W ��_ `z�-� acb �-� df_ ` ������� acb ������� dfc���
� > _ ` �����'� acb �����z� df

(b) Graphtransformationrule to eliminatemultipleedges

Fig. 4. Rulesfor building acircuit graph

two-edgecycles—suchas vx G ez� G vy G ez� � G vx in Fig. 4(a)—arecol-
lapsedinto a singleedgevx G ez G vy with anarbitrarily chosendirec-
tion andthecorrespondingpermissiblerange(here,theconvention
is that theedgedirectionis away from thevertex with thesmaller
index). Multiple edgesin thesamedirectionbetweentwo vertices
arerepresentedin H by a singleedgeasshown in Fig. 4(b)—the
edgedirectionis preservedandthepermissiblerangeis suchthat
all permissiblerangesaresimultaneouslysatisfied.

I I I . CLOCK SKEW SCHEDULING AS A QP PROBLEM

The formulationof clock skew schedulingasa quadratic pro-
gramming(QP) problemis describedin this section. The linear
dependenciesamongtheclock skews andthekernelof cyclesare
introducedin Sec.III-A. TheQPproblemis formulatedandsolved
in Sec.III-B. Modificationsto the QP problemto handlecertain
critical practicalrequirementsareanalyzedin Sec.III-C.

A. Lineardependenceof clock skews

Linear dependenciesamongthe clock skews [8] areillustrated
in the circuit shown in Fig. 3 where,for instance,s4 I s2 � s5.
It is generallypossibleto identify multiple minimalsetsof skews
such that (a) the skews within the set are linearly independent,
and (b) every skew within the circuit is a linear combinationof
skews from the set. A set with thesepropertiesis calledherea
skew basis—examplesof skew basesin Fig. 3 are O s3 G s4 G s5 G s6 R
and O s1 G s3 G s5 G s6 R . Similarly, linear dependenciescan be shown
amongcyclesin H —in Fig. 3, thecycle s1 � s2 5 s3 � s5 I 0 is a
linear combination(the sumin this case)of s2 5 s4 � s5 I 0 and
s1 5 s3 � s4 I 0. A kernel of H is a minimal setof cyclessuch
that (a) the cycles are linearly independent,and (b) every cycle
in H is a linear combinationof cyclesfrom the set. Note that a



skew basismust not containa cycle. If it did, the basisskews
wouldbelinearlydependent.Alternatively, linearindependencein
a kernel is guaranteedby choosingthe cyclessuchthat eachcy-
cle containsa uniqueedgefrom H . From graphtheory [9–11],
a spanningtreeof the circuit graph H definesa basisof exactly
nb I r 5 1 edges—anexampleis indicatedby the thicker edges
shown in Fig. 3. Thenc I p 5 nb edgesoutsidethebasisarecalled
chords—any choiceof basisnaturallyyieldsa kernelof exactlync

cycles,eachcycle consistingof exactly onechordandtheunique
pathwithin thebasisbetweentheendverticesof this chord.Note
that certainbasisedges—suchas e6 in Fig. 3—may not belong
to any cycle at all (regardlessof basis/kernel choice). Suchba-
sisedgesarecalled isolated,while the restof thebasisedgesare
calledmain—therearenm � nb main and ni � nb isolatedbasis
edges,respectively, wherenm � ni I nb. Note that the valuesof
thebasisskewsaresufficientto calculateall skewswithin H (basis
plus chords). Also, the main basisprovidesthe necessaryinfor-
mationto computethechordskewswhile theisolatedbasiscanbe
scheduledto any values—thereareno constraintson theseedges
sincetheseedgesdonotbelongto any cycle.

The kernel can be summarizedin a compactway by the cir-
cuit kernelequation,Bs I 0 G wheres is annc � nm I p� -element
vectorof all but the isolatedskews, and,eachrow of the nc � p�
matrix B correspondsto a cycle. B canbe derived from inspec-
tion by choosinga traversaldirectionof eachcycle andincluding
skews along the cycle with a sign dependingupon the edgedi-
rectionlabeling(notethe similarity with Kirchoff ’s VoltageLaw
loop equationsfor electrical networks [11]). Assumethat the
edges/skews areenumeratedas in Fig. 3 suchthat the chordssc

arefirst (indices1 throughnc), followedby themainbasissb (in-
dicesnc � 1 throughp� ), andthe isolatedbasis. If the cyclesare
permutedso asto appearin the orderof the chords(i.e., the first
row of B correspondsto e1 � s1, andsoon), thekernelequationis

Bs IKS Inc Cnc V nm U � sc

sb �BI sc � Csb I 0, whereInc is anidentityma-

trix of dimensionnc. Thesolutionsof this equationcomprisethe
kernel or null spaceker� B � of the linearmappingB : � p� }~�� nc

ands is calledconsistentif s � ker� B � [12].

B. QPclock skew schedulingproblemformulationandsolution

Let anobjectiveclockscheduleg bechosenaccordingto certain
designcriteria(g hasp� elements).Froma reliability perspective,
for example,an ideal,althoughmostlikely not consistent,choice
of g is gi I � l i � ui � � 2. The optimizationgoal is to determinea
feasibleandconsistentschedules suchthat the leastsquareerror
ε I � s 5 g � 2 is minimized:

min ε I � s 5 g � 2 I ∑p�
k� 1 � sk 5 gk � 2 (1)

subjectto Bs I 0 andsk � S lk G uk U for k � O 1 Q-Q-Q p� R Q
The problemdescribedby (1) is a constrainedQP problemwith
boundedvariables—methodssuchasactiveconstraints exist for
solving suchproblems[13–17]. Thesemethodsareboth analyti-
cally andnumericallychallengingsoa two-phasesolutionprocess
is suggestedheresuchthat a constrainedversionof problem(1)
is solved initially. If the result is not feasible,a rapidly converg-
ing iterative refinementof the objective g is performeduntil the

feasibilityof s is satisfied.Expandingtheε termin (1) yields

Phase1 ~ min ε I sts 5 2gts � gtg (2)

subjectto Bs I 0

Phase2 ~ Iterativerefinementof s,

wherePhase1 is solved usingthe classicalmethodof Lagrange
multipliers [16]. If m is the Lagrangemultipliers vector, the La-
grangianfunction is  ¡� s G m � I sts 5 2gts � mtBs, wherethenu-
mericalconstantgtg from (2) canbeomittedwithoutaffectingthe
solution.Any extremaof ε necessarilyis a stationarypoint of the
Lagrangian,i.e., asolutionof the linear system,¢¢¢¢¢ 2s � Btm I 2g

Bs I 0 £ ¤ 2I p� Bt

B 0 ¥ ¤ sm ¥ I 2 ¤ g0 ¥ Q (3)

SinceB is in row echelonform,ker� Bt � I¦O 0 R andthematrixM I
BBt is positive-definiteandnonsingular. Thus,theuniquesolution
of (3) by Gaussianeliminationis

m § I 2M ¨ 1Bg G s§ I g 5 1
2

Btm § I � I p� 5 BtM ¨ 1B � g G (4)

wheres§ in (4) is alsoa globalminimizerof ε in (2) [17].
Thesizeandinversionof M canmake computing(4) a signifi-

cantchallenge,therebypromptingthe needfor an efficient strat-
egy to calculates§ . Specifically, M ¨ 1 I I p� 5 CN ¨ 1Ct G where
N I Inm � CtC (Sherman-Morrison-Woodburry formula[18]) and
similarly to M , canbearguedto benecessarilynonsingular. The
dimensionsof N andM arenm andnc, respectively—nm is typi-
cally anorderof magnitudesmallerthannc resultingin significant
savingsof timeandmemory. Thebasissb § is

sb § I©S 5 � L ¨ t
2 L ¨ 1

2 � Ct L ¨ t
2 L ¨ 1

2 U g G (5)

whereL2 is theCholesky decomposition[18–20]of N. Thechords
sc§ aredeterminedfrom the kernelequationsc§ I 5 Csb § , where
themultiplicationby C canbecarriedoutextremelyfastsincethe
elementsof C areeither 5 1, 0, or 1. Finally, the iterative refine-
mentof theobjectiveclockscheduleg in Phase2 is accomplished
asfollows. For lowerandupperboundviolations,movetheobjec-
tive clock skew halfway betweenits currentvalueandthe closer
of zero andthe lower andupperbounds,respectively, of the per-
missiblerange. For pathswith no violation, move the objective
clockskew halfwaybetweenthecurrentvalueandtheactualvalue
obtainedby (5).

Thecomputationin (5) requires1
6n3

m, 1
6n3

m � 1
2n2

m � 1
3nm, 1

6n3
m �

1
6 � 5n2

m � nm 5 1� , andnmp multiplicationsto determineL2, L ¨ 1
2 ,

theproductL ¨ t
2 L ¨ 1

2 , andsb § , respectively. A maximumof n2
m float-

ing point storageunits is usedduring this procedure.N, L2, and
L ¨ 1

2 areall symmetric(only half of the elementsmustbestored)
andcanbecomputed‘in place,’ i.e., L2 andL ¨ 1

2 replaceN andL2,
respectively, asthematricesarecomputed.Therefore(nm is of the
orderof r), therun time andmemorycomplexity of thedescribed
algorithmareO � r3 � andO � r2 � , respectively.

C. Enhancingclock skew schedulingto satisfytargetdelays

An importantobjectof clock skew schedulingis to controlcer-
tain clock signaldelays. Consider, for example,the i/o registers



of a chip. Giventhedifficulty in knowing a priori all timing con-
textsof anintegratedcircuit, apreferredsolutionmaybeto require
thatall i/o registersareclockedat thesametime (zeroskew). All
explicit delayrequirementsfall into oneof thefollowingcategories
1. zero skew island,i.e., a groupof registerswith equaldelay,
2. targetdelays,i.e., t ª{«d I δk1 G�Q-Q�QYG t ª αd I δkα , kα � r,
3. targetskews, i.e., sj1 I σ j1 G-Q-Q�QYG sjβ I σ jβ , jβ ¬ nb .
Zero skew islandscanbe satisfiedby collapsingthe correspond-
ing graphverticesinto a singlevertex while eliminatingall edges
amongverticesfrom theisland. Notethatzeroskew is within the
permissiblerangeof eachin-island path. Alternatively, the tar-
get delaysare convertedto target skews (category 3 above) for
sequentially-adjacentpairsor by addinga ‘f ake’ edge. Thus,an
algorithmto handleonly targetskews is necessary.

Notefirst thattargetvaluesfor only nf � nb skewscanbeinde-
pendentlyspecified.As nf approachesnb, thefreedomto vary all
skews decreasesandit may becomeimpossibleto determineany
feasibles. Given nf � nb, (a) the basiscanalwaysbe chosento
containall target skews by usinga spanningtreealgorithmwith
edgeswapping,and(b) theedgeenumerationcanbeaccomplished
suchthat the target skews appearlast in the basis. The problem
is now similar to (2) except for the changeof the circuit kernel
equation,

C ITSC1 C2 U G Bs I©S I C1 C2 U
­® ŝc

ŝb

σ

¯° £ B̂ŝ � C2σ I 0 G (6)

whereB̂ I±S I C1 U , ŝ I �
ŝc

ŝb � , ŝc I sc, and ŝb is sc with the last

nf elementsremoved. The matrix C2 in (6) consistsof the last
nf columnsof C, while thetargetskew vectorσ is annf -element
vectorof targetskews whoseelementsareorderedin theorderof
thetargetedges.Thelinearsystem(3) becomes¢¢¢¢¢ 2ŝ � B̂tm̂ I 2ĝ

B̂ŝ � C2σ I 0 £ ¤ 2I B̂t

B̂ 0 ¥ ¤ ŝm̂ ¥ I ¤ 2ĝ5 C2σ ¥ G (7)

with solution

m̂ § I 2M̂ ¨ 1 � B̂ĝ � C2σ �
ŝ§ I � I 5 B̂tM̂ ¨ 1B̂ � ĝ 5 B̂tM̂ ¨ 1C2σ Q (8)

IV. RESULTS

Thealgorithmdescribedin Sec.III-B hasbeenimplementedas
aC++ programandappliedto boththeISCAS’89benchmarkcir-
cuits andsomeindustrialcircuits (IC1, IC2 andIC3). The re-
sultsof theapplicationof thealgorithmto thesecircuitsaresum-
marizedin TableI. For eachcircuit, thefollowing datais listed—
the circuit namein column 1, the numberof disjoint subgraphs
in column2, andthe numberof vertices,edges,chords(cycles),
main and isolatedbasis,and target clock period in nanoseconds
in columns3 through8, respectively. Thenumberof iterationsto
reachasolutionis listedin column9. Theaveragevalueof ε in (2),
i.e., ² ε � p is listedin column10. Therun time in minutesfor the
mathematicalportion of the programis shown in column11 for
a 170 MHz SunUltra 1 workstation.For circuitswith morethan
onedisjoint subgraph,the algorithmis appliedto eachsubgraph
separately.

The resultsare illustratedin Fig. 5 wherea histogramof the
clockskew distributionwithin thepermissiblerangeis graphically
displayedfor thespecificcircuit s3271. After oneiterationof (2)
with all objective clock skews set at the centerof the permissi-
ble range,thereare82 lower boundand112 upperboundviola-
tions, respectively [shown darker in Fig. 5(b)]. At theconclusion
of execution—depictedin Fig. 5(c)—noviolationsremain. Also
shown in Fig. 5(a) is thedistribution of zeroclock skew. Notethe
differencebetweenFig. 5(a) andFig. 5(c). Thereis a clear im-
provementin that any non-zeroclock skew is at least18% from
eitheredgeof thecorrespondingpermissiblerange.Themajority
of thenon-zeroclockskewsarewithin 5%of thesafestclockskew
valueat thecenterof thepermissiblerange.

V. CONCLUSIONS³�´ f
(a) Distribution of zeroclock skew asa percentageof theper-
missiblerange

µ]¶ f g¸·�· ¶
(b) Distribution of non-zero clock skew after one iteration
of (2)—thereare82 lower boundand112 upperboundviola-
tions¹�µ f
(c) Distributionof non-zero clockskew afterall threeiterations
of (2)—thereareno lower or upperboundviolations

Fig.5. Thedistributionof clockskew within thepermissiblerange(asapercentage
from 0%to 100%)for thecircuits3271 (notethatheightis notdrawn to scale).
Intervalsthatarecrossedoutcontainnoskews.

The problemof clock skew schedulingfor improved tolerance
to processparametervariationsis examinedin this paper. A novel
formulationof the optimal schedulingproblemfrom a reliability
perspective is presentedasa QuadraticProgramming(QP) prob-
lem. In thisapproach,º theobjectiveclockperiodis fixed,º the objective clock skews for eachlocal datapath are chosen
accordingto any specificdesigncriteria,º any requirementsfor explicit specificationof clocksignaldelays
within a circuit (targetskews)arefully supported,



TABLE I

EXPERIMENTAL RESULTS

C
irc

ui
t

#
su

bc
irc

ui
ts

r p nc nm ni TCP #
ite

ra
tio

ns » ε
p R

un
tim

e
(m

in
)

1 2 3 4 5 6 7 8 9 10 11
s1196 7 18 20 9 8 3 20¼ 8 5 3¼ 19 1
s1238 7 18 20 9 8 3 20¼ 8 5 3¼ 19 1
s13207 49 669 3068 2448 581 39 85¼ 6 20 18¼ 92 5
s1423 2 74 1471 1399 72 0 92¼ 2 20 60¼ 9 3
s1488 1 6 15 10 5 0 32¼ 2 1 0¼ 87 1
s1494 1 6 15 10 5 0 32¼ 8 1 0¼ 88 1
s15850 15 597 14257 13675 546 36 116 10 70¼ 6 21
s15850.1 22 534 10830 10318 478 34 81¼ 2 9 31¼ 44 19
s208.1 1 8 28 21 7 0 12¼ 4 1 1¼ 22 1
s27 1 3 3 1 2 0 6 ¼ 6 1 0¼ 71 1
s298 1 14 54 41 12 1 13 1 1¼ 16 1
s344 1 15 68 54 14 0 27 4 4¼ 91 1
s349 1 15 68 54 14 0 27 4 4¼ 91 1
s35932 1 1728 4187 2460 1727 0 34¼ 2 20 60¼ 4 27
s382 1 21 113 93 20 0 14¼ 2 6 1¼ 59 2
s38417 11 1636 28082 26457 1443 182 69 20 32¼ 35 31
s38584 2 1452 15545 14095 1400 50 94¼ 2 11 29¼ 1 29
s386 1 6 15 10 5 0 17¼ 8 1 0¼ 82 1
s400 1 21 113 93 20 0 14¼ 2 8 1 ¼ 6 1
s420.1 1 16 120 105 15 0 16¼ 4 20 1¼ 95 1
s444 1 21 113 93 20 0 16¼ 8 2 1¼ 05 1
s510 1 6 15 10 5 0 16¼ 8 1 0¼ 85 1
s526 1 21 117 97 20 0 13 2 1¼ 26 1

C
irc

ui
t

#
su

bc
irc

ui
ts

r p nc nm ni TCP #
ite

ra
tio

ns » ε
p R

un
tim

e
(m

in
)

1 2 3 4 5 6 7 8 9 10 11
s526n 1 21 117 97 20 0 13 2 1 ¼ 26 2
s5378 1 179 1147 969 158 20 28¼ 4 20 8 ¼ 79 3
s641 1 19 81 63 18 0 83¼ 6 5 11¼ 67 1
s713 1 19 81 63 18 0 89¼ 2 6 12¼ 74 1
s820 1 5 10 6 4 0 18¼ 6 1 0 ¼ 71 1
s832 1 5 10 6 4 0 19 2 0 ¼ 66 1
s838.1 1 32 496 465 31 0 24¼ 4 3 3 ¼ 68 3
s9234 3 228 2476 2251 222 3 75¼ 8 20 16¼ 67 4
s9234.1 2 211 2342 2133 205 4 75¼ 8 20 18¼ 6 4
s953 4 29 135 110 25 0 23¼ 2 3 1 ¼ 93 2
s1269 1 37 251 215 36 0 51¼ 2 20 12¼ 73 2
s1512 1 57 405 349 56 0 39¼ 6 4 4 ¼ 43 3
s3271 1 116 789 674 107 8 40¼ 4 3 3 ¼ 64 5
s3330 1 132 514 383 61 70 34¼ 8 4 3 ¼ 4 5
s3384 25 183 1759 1601 151 7 85¼ 2 5 15¼ 5 7
s4863 1 104 620 517 103 0 81¼ 2 8 39¼ 85 3
s6669 20 239 2138 1919 218 1 128¼ 6 3 20¼ 67 6
s938 1 32 496 465 31 0 24¼ 4 2 3 ¼ 41 2
s967 4 29 135 110 25 0 20¼ 6 2 1 ¼ 76 2
s991 1 19 51 33 18 0 96¼ 4 3 8 ¼ 58 1
IC1 1 500 124750 124251 499 0 8¼ 2 2 1 ¼ 51 30
IC2 1 59 493 435 58 0 10¼ 3 3 1 ¼ 82 4
IC3 34 1248 4322 3108 1155 59 5¼ 6 2 1 ¼ 43 2

º theleastsquaredistancebetweentheobjectiveandactualvalues
of theclockskew vectorover theentirecircuit is minimized.
An efficientcomputationalprocedureis introducedto solvetheQP
problemvia theequalityconstrainedLagrangeMultipliers method
with iterative refinementof the objective. This procedure—
with O � r3 � run time complexity and O � r2 � memorycomplexity,
respectively—hasbeenimplementedanddemonstratedon a num-
berof benchmarkandindustrialcircuits.
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