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Abstract—Inductance in superconductive circuits plays a sig-
nificant role in rapid single flux quantum (RSFQ) systems.
Inductance estimation is a challenging issue. The microwave
behavior of these inductances is characterized by the surface
inductance of a line. A methodology to accurately estimate the
surface inductance of a stripline is the focus of this brief. A
closed-form expression describing the dependence of the surface
inductance of a stripline on the line thickness, magnetic field,
and current density is provided. The effects of process parame-
ter variations on the surface inductance are also discussed. An
expression to model the effects of the trapezoidal geometry of a
stripline is presented. The dependence of the surface inductance
on the oxide and metal layer thicknesses is also presented. The
objective is to provide an accurate estimate of the surface induc-
tance for use in automated routing of VLSI complexity RSFQ
circuits.

Index Terms—Single flux quantum, electronic design automa-
tion, automated layout and routing, superconductive integrated
circuits.

I. INTRODUCTION

RECENT advances in fabrication technology and electronic
design automation (EDA) have enabled the increasing inte-

gration of rapid single flux quantum (RSFQ) circuits exceeding
4.2×106 Josephson junctions (JJs) per cm2 with a minimum
feature size of 350 nm [1]–[3]. Recent research in superconduc-
tive technology supports the development of SFQ-based EDA
tools to enable the automated design of complex rapid single
flux quantum circuits [4]–[12]. The reduction in feature size
enhances circuit densities, but introduces design challenges.
Closely spaced striplines in VLSI complexity RSFQ circuits
increase coupling noise between the lines [13]. An accurate
estimate of the inductances and coupling noise between differ-
ent geometric structures is therefore desirable to support the
development of advanced superconductive systems.

One of the primary requirements for SFQ-based auto-
mated routing is an accurate impedance model of the
striplines [3], [14]. Electromagnetic simulators such as
Sonnet [15] provide an accurate estimate of the impedance
which depends upon certain material parameters such as
the surface inductance Ls of the superconductive mate-
rial. Sonnet uses this parameter Ls to model the effects
of the metal thickness. Maxwell’s equations are applied to
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determine the impedance characteristics of planar supercon-
ductive striplines [15], [16] by dividing the metal surfaces
into small subsections. The magnetic field around these metal
lines is incorporated into the surface inductance. The surface
inductance parameter includes the boundary conditions for the
magnetic fields outside the metal line.

The surface inductance plays a significant role in char-
acterizing the impedance of a stripline within large scale
integrated SFQ systems. The surface inductance is dependent
upon the structure of the striplines, distance to the ground lay-
ers, thickness of the stripline, magnetic field around the lines,
and current distribution inside the line. A different magnetic
field distribution on each side of a stripline (symmetric and
asymmetric) will produce a different current density on the
lower and upper surfaces. This behavior produces different
surface inductance characteristics as described by the self-
inductance and the mutual inductance. Due to the imperfect
nature of fabrication processes, nonuniform shapes occur in
striplines [13]. This feature can change certain characteristics
of the striplines such as the surface inductance. The thickness
of the striplines and dielectric oxides also affect the surface
inductance. Specialized guidelines and expressions are needed
to provide an accurate estimate of the inductive characteristics
along the surface of a stripline.

In this brief, an accurate surface inuctance expression is
presented. Magnetic characterization of both symmetric and
asymmetric striplines is described in Section II. The current
density within the striplines and a closed-form expression for
the inductance are presented in Section III. The accuracy of
the expressions is also evaluated in Section III. The effects
of different geometric shapes on the surface inductance are
analytically described in Section IV. This brief is concluded
in Section V.

II. CHARACTERISTICS OF STRIPLINES

Superconductive circuits are typically composed of
Josephson junctions (JJ) and thin film strips configured in
several directions. In the MIT Lincoln Laboratory SFQ5ee pro-
cess [3], the striplines are placed between two ground planes,
which act as nearby return paths for the magnetic currents. The
distance of a stripline to ground affects the surface inductance
characteristics of the lines which greatly affects the design
of Josephson junction-based circuits. The magnetic charac-
teristics of the stripline are described in this section. The
superconductive stripline, total current through the stripline,
and magnetic field for symmetric and asymmetric striplines
are described, respectively, in Sections II-A, II-B, and II-C.

A. Superconductive Stripline

The structure of a superconductive stripline is depicted in
Fig. 1. The stripline with width W and thickness t is between
two dielectric substrates placed above and under a ground
plane. The stripline is separated from the lower and upper
ground planes, respectively, by distance h and h′.
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Fig. 1. Superconductive stripline between two ground layers.

Fig. 2. Transformations of superconductive stripline [17], [18], (a) coordi-
nates of stripline on z plane, (b) mapped structure of stripline on the w plane,
and (c) mapped structure of stripline on the z′ plane.

A good approximation of the magnetic field in a dielec-
tric region can be determined from conformal mapping
techniques [17], [18]. A field solution suitable for wide lines
is analytically obtained from the Schwarz-Christoffel trans-
formation [17]–[19]. Half of the stripline in the z plane (see
Fig. 2(a)) is mapped into the w plane (see Fig. 2(b)) by the
transformation,

z = f (w)

πz

2h
= αtanh−1

√
(p + q)(w + 1)

(1 + q)(w + p)
− γ tanh−1

√
w + 1

w + p

− tanh−1

√
w + p

p(w + 1)
, (1)

where

α = h + t + h′

h
, (2)

γ = h′

h
, (3)

q = 1

2
[α2 − γ 2 − 1 +

√
(α2 − γ 2 − 1)2 − 4γ 2], (4)

p = q2

γ 2
. (5)

The w plane is mapped into the z′ plane (see Fig. 2(c)) by the
transformation,

w = eπz′ . (6)

The w plane is transformed into a region interior to and
bounded by an almost parallel plate in the z′ plane using a
Taylor series expansion. lnRA and lnRB [17] shown in Fig. 2(c)
are, respectively,

lnRA ≈ −πW

2h
− 2α tanh−1

√
(p + q)[p(1 + q)]

+ 2γ tanh−1 1√
p

+ ln[
4p

p − 1
], (7)

lnRB ≈ γ −1[
πW

2h
+ 2α tanh−1

√
1 + q

p + q

− 2tanh−1 1√
p

+ γ ln[
p − 1

4
]]. (8)

B. Current Through Stripline

The total current I in a wide stripline is obtained by applying
Ampere’s law to the periphery of a stripline along the z′ plane.
The total current of the line is

I =
∫

stripline
Ht · dt = 1

μ0

∫
stripline

Az

n
dt

= 2

πμ0
ln

RB

RA
= K(w, h, t, h′)

μ0h/W
, (9)

where K(w,h,t, h′) is the fringe field factor of the stripline
between two ground layers (see Fig. 1). The fringe field
factor is

K(w, h, t, h′) = h

W
· 2

π
ln

RB

RA
. (10)

The fringe field factor of both symmetric and asymmetric
striplines is dependent upon the distance between the ground
layers and the stripline and the width and thickness of the
striplines. A thinner stripline thickness lowers the fringe field
factor (see (2), (7), (8), and (10)). A wide stripline exhibits a
smaller fringe field factor as compared to a narrow stripline.
Fringe field effects in narrow striplines are more significant
if the width of the stripline is comparable to the dielectric
thickness.

C. Distribution of Magnetic Field Around Stripline

The magnetic field in both sides of a stripline (see
Fig. 2(c)) is based on the derivative of the composite functions
(z and z′). An expression describing the magnetic field of a
stripline is

∂z′

∂z
= μ0(Hx − jHy) = 1

πw

· π(1 + w)

h(−B
√

1+w
p+w + A(1+q)

√
(p+q)(w+1)
(1+q)(w+p)

q−w + 1

w
√

p+w
p+pw

)

, (11)

where

B = γ, (12)
A = α

√
pq. (13)

The magnetic field above and under the stripline is depen-
dent on the structure of the stripline. The stripline is symmetric
if h = h′. The magnetic field above the line is approximated
by substituting w = RB exp(iθ ) into (11) and using the first
term of a Taylor series expansion. Note that RB is much larger
than 1. The magnetic field above the symmetric stripline is

Hx(0, h + t < y < h + t + h′) ≈ − 1

μ0h
· RB

RB + k

≈ − 1

μ0h
. (14)

where k = A
√

pq − √
p.

The magnetic field under the stripline is approximated by
substituting w = RA exp(iθ ) into (11) and using the first term
of a Taylor series expansion. Note that RA is much smaller
than 1. The magnetic field below the symmetric stripline is

Hx(0, 0 < y < h) ≈ 1

μ0h
· 1

1 + RA
≈ 1

μ0h
. (15)

The magnetic field above and under a symmetric stripline is
the same in magnitude but opposite in direction if the distance
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Fig. 3. Integration path of fluxoid for inductance evaluation, (a) symmetric
stripline, and (b) asymmetric stripline.

between the stripline and ground layers for the two sides is
the same.

For an asymmetric stripline, h′ is equal to 3h in the MIT
Lincoln Laboratory SFQ5ee process [3], resulting in different
constants in (11). The magnetic field above the asymmet-
ric stripline is approximated by substituting w = RB exp(iθ )
into (11) and using the first term in a Taylor series expansion.
Note again that RB is much larger than 1. The magnetic field
above an asymmetric stripline becomes

Hx(0, h + t < y < h + t + h′) ≈ − 1

μ0h
· RB

BRB + k

≈ − 1

Bμ0h
≈ − 1

3μ0h
(16)

The magnetic field below an asymmetric stripline is approxi-
mated by substituting w = RA exp(iθ ) into (11) and using the
first term in a Taylor series expansion. Note again that RA is
much smaller than 1. The magnetic field below an asymmetric
stripline becomes

Hx(0, 0 < y < h) ≈ 1

μ0h
· 1

0.9RA + 1
≈ 1

μ0h
. (17)

An asymmetric stripline exhibits an asymmetric magnetic
field. The magnetic field on one side of a stripline with a
distance of h = t to a ground layer is approximately three
times larger than the side with a distance of h′ = 3t to a ground
layer. In this case, the magnetic field on each side is opposite
in direction.

The x component of the magnetic field distribution is a
uniform field for | x |≤ W/2 on each side of either a symmet-
ric or asymmetric stripline. This magnetic field exponentially
decreases [20] when x is larger than W/2. The y component of
the magnetic field is greater near the dielectric-superconductor
interface. This magnetic field penetrates the interior of the
stripline within a small distance, the London penetration depth
λ, decaying exponentially to zero within the stripline [20].

III. SURFACE INDUCTANCE OF DIFFERENT STRIPLINES

The primary parameter characterizing a superconductive
stripline is the surface inductance. The surface inductance pro-
vides the boundary condition for the magnetic field outside
the metal, allowing the inductive characteristics and coupling
noise to be estimated. An expression for the surface inductance
of a stripline is presented in this section.

The inductance of a stripline is related to the ratio of the
flux produced by the current flowing in the stripline to the
total current flowing in the stripline. The inductance per unit
length L for a stripline is evaluated by integrating path abcd
of a fluxoid within the stripline (see Fig. 3). The inductance
of a stripline is

L = 1

I
· 1

�z

∫
path

(A + μ0λ
2J) · dl

= 1

I
[Az(a) + μ0λ

2
1Jz(a) − Az(d) − μ0λ

2
2Jz(d)]

= 1

I
[1 + μ0λ

2
1Jz(a) − μ0λ

2
2Jz(d)], (18)

where λ1 and λ2 are the London penetration depth of, respec-
tively, the superconductive stripline and the ground planes.
Jz(a) is the current distribution inside the stripline on the bot-
tom surface. Jz(d) is the current distribution inside the ground
plane on the upper surface.

The current distribution inside the striplines on both surfaces
is obtained by satisfying the London equation in the supercon-
ductive region. The current distribution inside a rectangular
superconductive line [19] is

Jz(x, y) = � × Hz = ∂Hy

∂x
− ∂Hx

∂y
, (19)

Jz(x, y) =
∞∑

m=0

bmζmcos(mπy
t )

sinh(ζW)
× [cos(ζx) + cosh(ζ(W − x))]

−
∞∑

m=0

γmcos(mπx
W )

sinh(γ W)

×[αm+cos(γmy) − αm−cos(γm(t − y))]. (20)

The current density is estimated by the average magnetic
field on the lower and upper surfaces of a symmetric and asym-
metric stripline for W 	 t. In an asymmetric structure, the
line exhibits a different current density on each surface of the
stripline due to the asymmetric magnetic fields. The symmet-
ric structure exhibits the same current density in both surfaces.
The inductance per unit length of a stripline is determined
by substituting the total current, fringe field factor, current
distribution of the lower surface of the stripline, and current
distribution of the upper surface of the ground layer into (18).
The total inductance of a symmetric and asymmetric stripline
is, respectively,

Lsym = μ0

WK(w, h, t, h′)
[h + λ1[coth(

t

λ1
) + csch(

t

λ1
)]

+ λ2coth(
t

λ2
)], (21)

and

Lasym = μ0

WK(w, h, t, h′)
[h + λ1[coth(

t

λ1
) + 1

B
csch(

t

λ1
)]

+ λ2coth(
t

λ2
)]. (22)

The first term of (21) and (22) represents the contribution
of the external field, the second and third terms represent
the contribution of the stripline, and the final term repre-
sents the contribution of the ground layer which is negligible.
The difference between the inductance of a symmetric and
asymmetric stripline is due to the different magnetic field and
current density above the lines.

The surface inductance of a symmetric stripline is based
on (21) and, for the MIT LL SFQ5ee fabrication process,
is 0.1616 pH/square. This result is verified by the surface
impedance technique described in [16]. An expression for the
surface inductance of a symmetric line is

Lssymm = μ0λ1[coth( t
λ1

) + csch( t
λ1

)]. (23)

An expression for the surface inductance of an asymmetric
line is

Lsasymm = μ0λ1[coth( t
λ1

) + 1
B csch( t

λ1
)]. (24)
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TABLE I
SELF-INDUCTANCE OF SUPERCONDUCTIVE STRIPLINE

WITH DIFFERENT LINEWIDTHS

TABLE II
SELF-INDUCTANCE AND MUTUAL INDUCTANCE OF DIFFERENT

SUPERCONDUCTIVE STRIPLINE STRUCTURES

The surface inductance of an asymmetric stripline is based
on (22) and, for the MIT LL SFQ5ee fabrication process with
h′ = 3h, is 0.142 pH/square. The self-inductance of the asym-
metric M4-M5-M7 stripline with different widths, evaluated
in Sonnet by (24), is listed in Table I. These results match
the experimental data within 7% [21]. The approximate self-
inductance of the striplines, evaluated by a commercial 3-D
inductance extractor (InductEx) [21], is also listed in Table I.
These results match the experimental data within 6% [21].

The surface inductance of several structures at different dis-
tances from the stripline to the ground layers is described
by (24). The surface inductance considers the effects of the
thickness of the striplines and dielectrics on the self- and
mutual inductance. Each structure listed in Table II exhibits
two asymmetric striplines, a loop inductor and a coupled
line. The self-inductance of the loop inductor, evaluated in
Sonnet based on (24), is also listed in Table II. These results
match the experimental data within 14% [22]. Due to dif-
ferences in the physical layout, such as vias, holes in the
ground planes, and port locations, an error less than 15% in the
self-inductance between Sonnet and the experimental data is
produced. The mutual inductance of these striplines, also eval-
uated in Sonnet, is listed in Table II. These results match the
experimental data within 3%, less than the standard deviation
of the experimental data [22]. The surface inductance expres-
sions of (23) and (24) therefore provide an accurate estimate
of the self-inductance and coupling noise between different
superconductive striplines.

IV. EFFECTS OF PROCESS VARIATIONS ON INDUCTANCE

The fabrication process of the MIT Lincoln Laboratory
SFQ5ee technology patterns niobium (Nb) layers with 248 nm
photolithography and high density plasma etching steps [3]. It
is desirable to pattern the Nb striplines with a rectangular cross
section and uniform thickness. Due to resolution limitations
and variations in the photolithography process, nonuniform
shapes often occur in striplines. These variations greatly affect
the stripline characteristics and circuit yield.

Fig. 4. Cross section of a trapezoidal stripline.

Process variations is a challenging issue in large scale
integrated circuits. Parameters variations in superconductive
striplines are related to the dielectric thickness h and h′, metal
thickness t, and metal width W. For fabricated striplines with
width W±�W, the equivalent cross section can be approxi-
mated by a trapezoidal shape and a different thickness [13].
The effects of a trapezoidal shape on the surface inductance are
described in Section IV-A. The effects of thickness variations
on the surface inductance are described in Section IV-B.

A. Trapezoidal Geometry of a Stripline

Different stripline geometries produce different boundary
conditions on the magnetic field and current distribution. The
different magnetic characteristics of a stripline produce a
different surface inductance. The structure of a trapezoidal
stripline is depicted in Fig. 4. The boundary conditions for the
magnetic field across a trapezoidal stripline should satisfy the
London equation in the superconductive region. These bound-
ary conditions for a trapezoidal stripline are described by the
following expressions,

Hx = hx(x, 0), y = 0 and x1 < x < x2 (25)
Hx = hx(x, t), y = t and 0 < x < W (26)

∂Hx

∂x
= 0, x = −x1

t
(y − t),

w − x2

t
(y + tx2

W − x2
) (27)

Hy = hy(
−x1

t
(y − t), y), 0 < x < x1 (28)

Hy = hy(
W − x2

t
(y + tx2

W − x2
), y), x2 < x < W (29)

∂Hy

∂y
= 0. y = 0, t (30)

Considering these boundary conditions, the constants in (20)
are determined by the following expressions,

a0− = 1

W

∫ x2

x1

hx(x, 0)dx, (31)

a0+ = 1

W

∫ W

0
hx(x, t)dx, (32)

b0 = 1

t

∫ t

0
hy(

W − x2

t
(y + tx2

W − x2
), y)dy. (33)

For wide lines where W 	 t, the effects of these con-
stants, (31) to (33), on the magnetic field and current are
negligible. A wide trapezoidal geometry therefore does not
affect the surface inductance, self-inductance, and mutual
inductance. For narrow lines where W ≈ t and W ≈ λ, the
effects of the fringing fields can be considerable. These fring-
ing effects decrease the reluctance of the magnetic path and
therefore increase the line inductance. The effects of linewidth
variations can therefore be significant in narrow lines. The
surface inductance of a narrow symmetric stripline is

Ls = μ0λ1[coth(
t

λ1
) + csch(

t

λ1
) + 2b0

λ1
exp(− W

2λ1)
]. (34)

Authorized licensed use limited to: UNIVERSITY OF ROCHESTER. Downloaded on June 28,2022 at 22:08:07 UTC from IEEE Xplore.  Restrictions apply. 



2956 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—II: EXPRESS BRIEFS, VOL. 69, NO. 6, JUNE 2022

TABLE III
DEPENDENCE OF SURFACE INDUCTANCE TERMS ON THE THICKNESS OF

A STRIPLINE (IN A 10 KA/CM2 PROCESS TECHNOLOGY)

Fig. 5. Dependence of dielectric thickness (solid line) and stripline thickness
(dashed line) on the surface inductance.

B. Effect of Layer Thickness on Surface Inductance

Variations in the MIT LL SFQ5ee fabrication process pro-
duce a nonuniform thickness in the metal and dielectric layers.
These thickness variations affect the surface inductance, self-
inductance, and mutual inductance. The effects of variations
in the thickness of the dielectric and stripline are described
below.

1) Thickness Variations of Oxide Dielectric: Thickness of
the dielectric layers plays an important role in the surface
inductance characteristics of a stripline. The thickness varia-
tions in the dielectrics change the distance of a stripline to the
ground layers, affecting (11). These effects produce a different
average magnetic field around the stripline and current distri-
bution on the lower and upper surface within the stripline.
The surface inductance of the striplines is dependent on these
magnetic characteristics (see (11), (23), and (24)). The depen-
dence of the surface inductance on the dielectric thickness is
shown in Figure 5. A stripline with a thicker dielectric exhibits
a larger inductance.

2) Thickness of the Striplines: The surface inductance and
self-inductance depend upon the thickness of the striplines,
as described in (21) to (24). The effects of the thickness and
penetration depth λ of a stripline are modeled by the coth
and csch terms in (21) to (24). These terms, for different
stripline thicknesses with a 90 nm penetration depth, are listed
in Table III. The dependence of the surface inductance on the
stripline thickness is shown in Figure 5. The thicker lines pro-
duce a lower surface inductance and self-inductance. Thicker
lines also exhibit a larger fringing field factor. Increasing the
thickness of the Nb striplines decreases the self-inductance
and coupling noise between layers.

V. CONCLUSION

A superconductive stripline is a primary structure in
the automated routing of VLSI complexity RSFQ circuits.
Accurate characterization of striplines is necessary to deter-
mine a key parameter, the surface inductance Ls. Expressions
are presented in this brief that characterize the surface induc-
tance of symmetric and asymmetric striplines. Analytic esti-
mates of the mutual inductance and self-inductance of these

striplines match experimental data within, respectively, 3% and
7%. The effects of the trapezoidal shape and layer thickness on
the surface inductance are also described. Closed-form expres-
sions are provided to accurately estimate the self- and mutual
inductance of superconductive striplines.
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