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Thermal Modeling of Rapid Single Flux
Quantum Circuit Structures

Ana Mitrovic™ and Eby G. Friedman

Abstract—The operation of rapid single flux quan-
tum (RSFQ) circuits depends upon the superconductive
properties of the Josephson junctions (JJs) and metal
layers, which are highly dependent on the temperature.
Increasing densities and frequencies of JJs in RSFQ circuits
have created a need to accurately model the local ambient
thermal environment. In this article, an analytic thermal
model of RSFQ circuit structures targeting the MIT Lincoln
Laboratory SFQ5ee 10 kA/cm? technology is presented. The
model is based on a network of thermal resistances, rep-
resenting the heat generation and thermal paths within an
RSFQ circuit. An error of less than 0.22% between the model
and a numerical solver is achieved. To reduce the compu-
tational complexity, the sparsity of the matrix of thermal
resistances among the nodes is increased by exploiting the
effective radius of the heat spreading behavior. Ignoring the
thermal effects of the heating elements outside of a target
radius reduces the number of thermal resistances by 50%,
increasing the maximum error of the model to only 0.26%.

Index Terms— Single flux quantum (SFQ), superconduct-
ing integrated circuits, superconductive digital electronics,
thermal analysis.

|. INTRODUCTION

INCE the introduction of rapid single flux quan-
Stum (RSFQ) in 1985, this technology has become the
primary superconductive digital logic family [1]. The RSFQ
logic family is based on Josephson junctions (JJs), exhibiting
ultrahigh speed and ultralow power dissipation while operating
at cryogenic temperatures. RSFQ circuits based on niobium
are cooled below the boiling temperature of liquid helium,
that is, 4.2 K.

The primary component of RSFQ circuits—the JJ—consists
of two superconductive electrodes, typically composed of
niobium and separated by a thin metal, insulator, or semi-
conductor barrier. Below 4.2 K, these junctions exhibit zero
dc resistance, leading to the flow of supercurrent through
the insulating barrier. Each JJ is characterized by a critical
current /¢ which, when exceeded, switches the junction into

Manuscript received January 19, 2022; revised March 7, 2022;
accepted March 17, 2022. Date of publication April 12, 2022; date
of current version April 22, 2022. This work was supported by
the Department of Defense Agency Intelligence Advanced Research
Projects Activity through the U.S. Army Research Office under Contract
W911NF-17-9-0001. The review of this article was arranged by Editor
J. Mateos. (Corresponding author: Ana Mitrovic.)

The authors are with the Department of Electrical and Computer
Engineering, University of Rochester, Rochester, NY 14627 USA (e-mail:
ana.mitrovic @ rochester.edu; friedman @ ece.rochester.edu).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TED.2022.3162172.

Digital Object Identifier 10.1109/TED.2022.3162172

, Fellow, IEEE

a resistive state, generating a voltage pulse across the JJ—a
single flux quantum (SFQ) pulse. The operation of SFQ
circuits is based on switching JJs between the superconductive
state and resistive state and storing the SFQ pulses within
inductive storage loops. The state of the logic cells is read by
a clock signal, which switches the JJs and determines whether
an SFQ pulse exists within the storage loop.

JJs are typically biased to approximately 0.7 of the critical
current I¢. In RSFQ circuits, a bias current is provided by
a resistive network. The static power, dissipated by the bias
network, is the largest source of heat in RSFQ circuits.

Standard JJs exhibit hysteretic behavior, which is unde-
sirable in RSFQ logic. These devices are therefore shunted
with resistors to reduce this effect. During a switching event,
the voltage pulse applied across these resistively shunted
junctions (RSJs) dissipates power, mostly within the shunt
resistor. A portion of the power is also dissipated in the barrier
of the JJs due to the finite resistance exhibited in the normal
state. The RSJs are therefore the primary source of dynamic
power dissipation in SFQ circuits.

The critical current of a JJ also exhibits a temperature
dependence, as shown in Fig. 1 [2]. Higher temperatures can
lead to unwanted switching and incorrect logic behavior.

Recent progress in the design and fabrication of RSFQ sys-
tems has resulted in circuits operating at frequencies approach-
ing 80 GHz and device densities exceeding 600 000 JJ/cm? [3].
Higher frequencies as well as an increasing number and
density of junctions increase the ambient heat within these
circuits. A model of the thermal behavior of SFQ circuits is
therefore useful. In 1991, Lavine and Bai [2] developed an
analytic model to analyze the thermal behavior of niobium
nitride (NbN) JJs placed directly on a substrate in contact
with a cryogen. In 2003, Ohki er al. [4] evaluated the
heating characteristics of the bias resistor in a milliKelvin
superconductive structure. A compact thermal model of SFQ
circuit structures is not included in these models. Furthermore,
since the introduction of these models, RSFQ fabrication
technologies have evolved—some of the significant changes
are in the number of metal layers, the composition of the
materials, and properties of the resistors and JJs. In this
article, the focus is on creating a tractable, analytic ther-
mal model for RSFQ circuits in modern superconductive
technologies.

An important SFQ fabrication technology is the SFQ5ee
process developed at MIT Lincoln Laboratory [5], [6].
This technology includes eight niobium (Nb) layers and
utilizes Nb/Al-AlOx/Nb JJs with a critical current density
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Fig. 1. Temperature dependence of the critical current of a JJ [2].

of J. =100 uA/um?. In this article, an analytic thermal model
for RSFQ circuit structures, targeting the SFQ5ee technology,
is proposed. Validation of the model is performed using
COMSOL Multiphysics' [7].

The article is organized as follows. In Section II, the thermal
properties of materials used in SFQ circuits are described.
In Section III, a thermal model of SFQ circuits is proposed.
Validation of the model is described in Section IV. The article
is concluded in Section V.

Il. MATERIAL PROPERTIES AT
CRYOGENIC TEMPERATURES

Heat conduction in a system is governed by the heat
diffusion expression [7]
VIkVT]+ Q (1)

oT
C— =
Py

where p represents the density of the material, c is the specific
heat capacity, « is the thermal conductivity, and the power
density of the heat sources is represented by Q. To characterize
the cooling behavior of SFQ integrated circuits, the convective
boundary condition is used

kVT = h(Text - T) (2)

where h represents the heat transfer coefficient, which
describes the rate at which a circuit is cooled.

At cryogenic temperatures, the properties of the heat
carriers—phonons and electrons—drastically change, greatly
affecting the thermal properties of the materials [8]. Moreover,
the transition of material into the superconductive state leads
to the formation of Cooper pairs, degrading the ability of these
materials to conduct heat [8]. Analyzing the thermal charac-
teristics of SFQ circuits therefore requires understanding the
thermal properties of materials at 4.2 K. The thermal conduc-
tivity, density, specific heat, and heat transfer coefficient are
primary parameters, as noted in (1). These parameters exhibit
a strong temperature dependence and behave differently when
operating at cryogenic temperatures.

The metal layers and electrodes of the JJs are comprised of
niobium. Other materials of interest are molybdenum (Mo),

IRegistered trademark.

TABLE |
THERMAL CONDUCTIVITY OF MATERIALS USED IN SUPERCONDUCTIVE
INTEGRATED CIRCUITS AT 4.2 K

Material Mo Si SiO2 Nb

K (W/m-K) 62 150 0.38 3.43

since the bias and shunt resistors are composed of this metal,
Si0,, which insulates the metal layers, and silicon (Si) that
comprises the substrate. The thermal conductivity of these
materials is described in Section II-A. The volumetric heat
capacity depends upon the specific heat capacity and density
of these materials. This parameter is reviewed in Section II-B.
The thermal boundary resistance alters the heat paths within a
circuit, changing the heat transfer coefficient. This parameter
is discussed in Section II-C.

A. Thermal Conductivity

Heat is primarily conducted in solids by electrons and lattice
waves, that is, the propagation of phonons. Thus, the total
thermal conductivity can be described as [8]

K =K + K 3)

where x, is the electron component, and x, is the phonon
component. In the superconductive state, most of the electrons
are grouped into Cooper pairs, which do not contribute to the
heat transport process [8]. For the thin superconductive films
used in SFQ circuits, the mean free path of the phonons is
short, leading to negligible x, [9]. The primary heat carriers
in superconductive materials within SFQ circuits are therefore
any remaining uncoupled electrons. The thermal conductivity
within the normal state occurs above T¢ which can be approx-
imated using the Wiedemann—Franz law [9]

Knr = LO TUnr (4)

where Ly is the Lorenz number (2.45 x 1078 WQ/K?), and
oyr 18 the electrical conductivity within the normal state. From
(4), the superconductive thermal conductivity can be estimated
as [9], [10]
T
Ky = Kan_C- (5)
For niobium, (5) has a value of ~3.43 W/m-K at 4.2 K,
consistent with other values reported in the literature [8], [10].
The wafer is comprised of high purity single-crystal silicon,
whose thermal conductivity at 4.2 K is typically between
150 and 200 W/m-K [2], [11]. For Mo, x ranges between
58.4 and 70.4 W/m-K [8], [12]. The thermal conductivity of
Si0, ranges between 0.1 and 0.5 W/m-K [13], [14]. A typical
value of the thermal conductivity of these materials is listed
in Table I.

B. Volumetric Heat Capacity

At low temperatures, the contribution of lattice vibrations
and thermal excitations of the electrons to specific heat can be
described by

c=yT +pT> (6)
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Fig. 2. Temperature dependence of the specific heat of superconductive
materials. Note the difference between the superconductive electron
specific heat ces and normal electron specific heat cen [14].

TABLE Il
SPECIFIC HEAT AND DENSITY OF MATERIALS AT 4.2 K. THE DENSITY
OF SiO» Is AT ROOM TEMPERATURE

Material Mo Si SiO2 Nb
J
c (F) 0.09 [16] | 0.02[16] 0.113] | 03112, 16]
22 (RT)
g
P (cm3> 10 [17] 233 [12] 18] 8.61 [12]

where y is a material related parameter describing the poten-
tial energy of the free electrons, and £ describes the energy
of the lattice vibrations within the material [14].

In the superconductive state, the specific heat of the elec-
trons changes due to the formation of Cooper pairs, leading to
a discontinuity at the critical temperature, described by [14]

Ac =143y T¢. (7
As shown in Fig. 2, below T¢, the superconductive elec-
tron specific heat c.s exponentially decreases at low
temperatures [14]

Ces ™ e_A/kBT ®)

where A is the superconductive energy gap and kp is the
Boltzmann constant (1.38 x 1072 J/K).

The specific heat and density of certain materials at
4.2 K are listed in Table II. Note that the values listed in
Tables I and II are based on materials of different thicknesses
than the materials used in SFQ circuits and may differ due
to increased scattering of conduction electrons and lattice
impurities [15].

C. Thermal Boundary Resistance

A primary issue in cooling superconductive circuits is the
thermal boundary resistance, which appears at the boundary
between two different materials due to the scattering of the
heat carriers. Acoustic mismatch theory predicts this resistance
to be [2], [4], [14]

R = k,/ T°. 9)

For SFQ circuits operating at 4.2 K, the coefficient of pro-
portionality k, is approximately 107> m?K*W, leading to
the thermal boundary resistance Ry, which is approximately
107> m*K/W [2], [19].

I1l. THERMAL MODEL

Several methods for modeling the thermal behavior of
integrated circuits exist. The heat diffusion equation (1) can
be solved numerically or analytically. Numerical methods
exhibit high accuracy but produce large meshes, leading to
high computational complexity. To reduce the complexity,
a common approach for thermal modeling is based on analytic
models of the thermal resistances and heat sources, creating a
resistive mesh [20]. This approach is used in the RSFQ model
presented here. The geometry used in this thermal model is
described in Section III-A. Models of the heating and cooling
characteristics are presented, respectively, in Sections III-B
and III-C. The thermal model of an RSFQ circuit structure
is described in Section III-D. Thermal coupling between each
pair of heating elements is modeled by a resistance as part of a
resistance matrix. The sparsity of this resistance matrix deter-
mines the computational complexity of the thermal model. The
computational complexity and a method to increase the spar-
sity of the matrix are discussed in Section III-E. To validate the
thermal model, COMSOL Multiphysics1 simulation software,
which utilizes the highly accurate 3-D finite-element method,
is used.

A. Geometric Specifications

The thermal model is based on the specifications of the
SFQS5ee fabrication technology, developed at MIT Lincoln
Laboratory [5], [6]. This process includes eight supercon-
ductive niobium layers, each separated by an oxide layer on
top of an oxidized Si substrate. The heating elements—bias
resistors, JJs, and shunt resistors—are placed within the fifth
metal and the oxide layer (respectively, layers M5 and OS),
as shown in Fig. 3. Layer M6 is used for the inductors and
interconnections among the logic elements. M1, M4, and M7
are the ground planes. The passive transmission lines and
power lines are placed within the remaining metal layers—MO,
M2, and M3 [6], [21].

A flip flop is used here to evaluate the thermal model. The
D flip flop consists of six resistively shunted JJs and three bias
current sources [21]. The structure is based on the SFQ5ee
design rules with a 500 um thick Si substrate.

B. Heating Properties

The heat flux of the bias resistor—the source of static
power—can be evaluated using joule heating. Switching a JJ
from the superconductive state into the normal state generates
an SFQ pulse across the RSJ. To evaluate the heating behavior
of resistively shunted JJs, the rms voltage across an RSJ is
obtained. The resulting analytic expression for the heat flux
sourced from a shunt resistor, based on joule heating, is

Virms”
RshAsh

gsh = (10)
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Fig. 3. Structure of the material layers used in the SFQ5ee
technology [6], [22].

Fig. 4. D flip flop with heating elements—JJs (J), shunt resistors (R),
and bias resistors (B). The element value placed next to the RSJs is the
critical current of the JJ in A [21], [23].

where the resistance of shunt resistor Ry, is evaluated assum-
ing a critically damped JJ

DoJc 1

R =
h 27TCS IC

Y

where @y is the flux quantum (*2.07 mV-ps) and Cy is the
specific capacitance of the junction (70 fF/um? for the SFQ5ee
process) [5], [19].

The heat flux due to heating a JJ is evaluated from the
normal resistance of the junction, resulting in

Vs Je

12
Vis 12)

qiJ =
In (12), Vap describes the relationship between the critical
current and the normal resistance of a junction [22]

Vag = IcR,. (13)

The D flip flop, shown in Fig. 4, is assumed to operate
at 50 GHz. The rms voltage for each RSJ is evaluated from
SPICE simulations of this device [21], [23]. The circuit is
evaluated based on the Whiteley Research/Synopsys JJ model,
as described in [24].
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eee AAA > THe
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Fig. 5. Model of the thermal resistances comprising a vertical heat path.

C. Cooling Properties

Assuming the D flip flop is far from the boundary of an
RSFQ integrated circuit, adiabatic boundary conditions can be
applied to the lateral sides of the JTL structure. The primary
heat path is therefore in the vertical direction. The heat travels
from the heating elements within layers M5 and OS5 through
two vertical paths toward the helium bath. As shown in Fig. 5,
these thermal paths can be approximated with a series network
of resistors [2].

This network is comprised of thermal resistance for each
material layer and an interfacial thermal resistance between
each pair of layers. Due to the thin nature of these layers,
however, the thermal resistance of the material layers is at least
an order of magnitude smaller than the interfacial components
and is therefore ignored [4]. The resulting model is a parallel
network of two thermal boundary resistances. The inverse of
the resulting resistance is the effective heat transfer coefficient
hege. The interfacial thermal resistance between the metal layer
M; and the oxide layer O; can be estimated based on the
relative portion of metal Mgp within the material layers

Rib—m,0, = Mrp(%) - Rinp. (14)

D. Analytic Thermal Model

The analytic thermal model is based on a resistive mesh,
as shown in Fig. 6 [20]. The current sources represent the
power dissipated by each element. The thermal resistance of
heating element x is

1 d,

Ry = —— 15
th, o AL (15)

where x, is the thermal conductivity of the heating element
material, A, is the area of the element, and d, is the thickness
of the element. The convective cooling is modeled by a thermal
resistance between the element and the cryogen

1 1
heffx axAy '

In (16), hen, is the effective heat transfer coefficient of the
element, evaluated as described in Section III-C. Parameter o,

R (16)

x—He ~—
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Fig. 6. Thermal model of SFQ circuit structure.
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Fig. 7. Layout of D flip flop with highlighted heating elements—bias
resistors and RSJs.

describes the effective cooling area of the element caused by
spreading the heat in the lateral directions [2]

" 2
ax=(1+r—x)

where r, is the effective radius of the element [20], and 7,
is the thermal healing length, which describes the effective
radius of the heat spreading from the heat source [19]

A7)

Keff, 'dlayer

Nx = (18)

e,
In (18), xerr, is the effective thermal conductivity of the
materials around the heating element, and d)aye; is the thickness
of the material layer within which the element is located.
The inter-node thermal resistance describes the thermal cou-
pling between two heating elements. This thermal resistance
consists of two parts. The two contributions to the thermal
resistance are the thermal boundary resistance at the interface
between the elements and the medium (19a), and an additional
contribution due to the thermal resistance of the material
between the heating elements (19b)

Rabw . Ruw
Rp, , = —+—

19
rRRay (192)

43 46
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Fig. 8. Comparison of the analytic thermal model and COMSOL.
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Fig. 9. Thermal profile of D flip flop simulated in COMSOL Multiphysics.
For visibility, the color bar is limited to the range of 4.2 K to 4.26 K. The
minimum and maximum temperatures are, respectively, shown at the
bottom and top of the color bar.

1 Sx—y

o (425) - max(w,. w,)

R, = (19b)

In (19b), xmar is the thermal conductivity of the material
conducting heat between elements x and y, approximated by
the relative portion of the niobium within layers M5 and OS.
d; and d, are, respectively, the thickness of elements x and
v, w, and w, are, respectively, the width of elements x and
v, and s,_, is the distance between the elements.

E. Model Complexity

The number of thermal coupling resistances is described by

k n!
C,=—7—7.
" kl(n—k)!
From the above equation, this thermal model is applied to a D
flip flop structure, resulting in 105 thermal coupling resistances
between the JJs (J), shunt resistors (R), and bias resistors (B),
which can be represented in a matrix form, as noted in (21),
as shown at the bottom of the next page.

To increase the sparsity of the thermal coupling resistance
matrix, the thermal coupling of each heating element is

(20)
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ignored for distances greater than the coupling radius [25]
T;

=—In| ——— )».
e (RthP - THe) 1

The sensitivity of the thermal model is described by the coeffi-
cient T} in (22). Assuming 7; = 1 mK, the number of thermal
coupling resistances is reduced to 37, significantly increasing
the sparsity of the thermal resistance matrix, as noted in (23),
as shown at the bottom of the page.

(22)

V. VALIDATION AND COMPARISON

Based on the SFQS5ee design rules, the RSFQ D flip
flop is evaluated by COMSOL Multiphysics. The layout
of this D flip flop is shown in Fig. 7 [21]. The mater-

COMSOL model, and the heating characteristics evaluated in
SPICE are applied to the heating elements, as explained in
Section III-B.

The thermal model is applied to the same structure. The
results of the thermal simulation for different sparsities of the
impedance matrix are shown in Fig. 8. For clarity, the values
on the right vertical axis are attributed to the bias resistors.
The thermal profile of the D flip flop, simulated in COMSOL,
is shown in Fig. 9.

The relative difference between COMSOL and the thermal
model is

|TcomsoL — Tmodell

ial parameters described in Section II are included in the - average(TcomsoLs Tmodel) 24)
[Ry1s2 Rz Ryjga Ryys Ryize Ryiri Ryira Ryirs Ryira Ryirs Ryire Ryisi Ryizz Ryiss ]
0 Rjy2s3 Rj2sa Ry2ss Riyzse Ry2rt Rizra Ry2rs Ry2ra Ryors Rizre Ry2p1 Ryzp2 Ry
0 0 Ryssa Ryszss Ryzje Rysri Rysre Rysrs Rysra Ryses Ryzre Ryzp1 Ryzgr Ryszps
0 0 0 Ryass Rjyaje Ryart Rysra Ryars Ryara Ryars Ryare Ryap1 Ryap2 Ryaps
0 0 0 0 Rysse Rysri Rysrx Rysgs Rysra Rysgs Rysre Ryspi Ryspz Rysps
0 0 0 0 0 Ryert Rjerz Rjers Rjers Ryers Riyere Ryes1 Riyes2 Ryes3
M- 0 0 0 0 0 0 Rpirz Rrirs Rrira Rrirs Rrire Rrigi Rripz Rriss o1
0 0 0 0 0 0 0 Rrors Rrora Rrors Rrare Rrapi Rrapa Rrops
0 0 0 0 0 0 0 0 Rrsra Rr3rs Rrirse Rr3p1i Rripa Rrips
0 0 0 0 0 0 0 0 0 Rprars Rrare Rrapi Rrap2 Rraps
0 0 0 0 0 0 0 0 0 0 Rrsre Rrspi Rrsp2 Rgsps
0 0 0 0 0 0 0 0 0 0 0 Rre1 Rres2 Rres3
0 0 0 0 0 0 0 0 0 0 0 0 Rgiry Rpis3
L 0 0 0 0 0 0 0 0 0 0 0 0 0 Rpop3 |
[[Rj172 0 0 0 0 Ryigt Ryirz O 0 0 0 Ryt Rpp 0 7]
0 000 O Rjori Riore 0 0 0 0 Rppi Rjgz O
0 0000 O Ryre Rpzrs O 0 0 Ryszmi 0 Rysps
0O 000O0 O 0 0 Rjara 0 0 0 Rjapn 0
0 0000 O 0 0 0 Ryses Ryjsge 0 Ryspa Rysps
0 00O00O0 0 0 0 0 0 Rysrs 0 Rj682 Ryep3
0 00O00O0 0 0 0 0 0 0 Rrig1 Rrip2 0
Miparse = (23)
0 0000 O 0  Rrrs O 0 0 Rrap1 Rprap2 Rrops
0O 000O0 O 0 0 0 0 0 Rr3B1 0 Rr3B3
0 00O00O0 0 0 0 0 RRrags 0 0 Rgrap> 0
0 00O00O0 0 0 0 0 0 0 0 Rgrspr Rpgsps
0O 000O0 O 0 0 0 0 0 0 Rrep2 Rres3
0 00O00O0 0 0 0 0 0 0 0 0 0
. 0 00O00O0 0 0 0 0 0 0 0 0 Rpop3 |
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TABLE IlI
ACCURACY OF THERMAL MODEL WITH INCREASED SPARSITY. THE
DIFFERENCES ARE THE DISCREPANCY BETWEEN COMSOL
AND THE THERMAL MODEL

Number of
;lhnelr[;l;ﬂ() ‘ATlaverage |AT‘ma7‘ 6average 6maz
resistances (mK) (mK) %) (%)
Original 135 43 9.4 0.1 0.22
sparsity
Increased
sparsity 67 54 11 0.13 0.26
(T=1 mK)

A comparison of the difference between the thermal model
and the thermal model with greater sparsity, as described in
Section III-E, is listed in Table III. Note that the greatest
discrepancy between COMSOL and the thermal model is
11 mK (an error of 0.26%).

The maximum increase in temperature within a D flip flop
is approximately 400 mK, as shown in Fig. 8. Although this
increase does not compromise the operation of the D flip
flop, it contributes to heating the cryogenic environment.
This effect will significantly affect the operation of large scale
RSFQ ICs. This thermal model of an RSFQ circuit structure
can therefore be used as a step toward developing a thermal
model for large scale RSFQ integrated systems as well as to
analyze local hot spots within RSFQ ICs.

V. CONCLUSION

Due to increasing device densities and frequencies, ther-
mal analysis is becoming an important part of the RSFQ
circuit design process. To better understand the effects of heat
generation and movement within a cryogenic environment,
a model of the thermal behavior is important. An analytic
thermal model of rapid SFQ circuit structures based on a
thermal resistive mesh is presented in this article. To lower
the computational complexity, the effective radius of the
heat spreading behavior is exploited to increase the sparsity
of the inter-node resistance matrix. Validation of the model
is performed using COMSOL Multiphysics!, resulting in a
maximum discrepancy of 11 mK (an error of 0.26%) between
the analytic model and COMSOL.
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