IEEE TRANSACTIONS ON ULTRASONICS, FERROELECTRICS, AND FREQUENCY CONTROL, VOL. 44, NO. 2, MARCH 1997

515

The Measurement of Backscatter Coeflicient
from a Broadband Pulse-Echo System:

A New Formulation
Xucai Chen, Dan Phillips, Karl Q. Schwarz, Jack G. Mottley, and Kevin J. Parker, Fellow, IEEE

Abstract—A new formulation for obtaining the abso-
lute backscatter coefficient from pulse-echo measurements
is presented. Using this formulation, performing the diffrac-
tion correction and system calibration is straightforward.
The diffraction correction function for the measurement of
backscatter coefficient and the acoustic coupling function
for a pulse-echo system are defined. Details of these func-
tions for two very useful cases are presented: a flat disk
transducer and a spherically focused transducer. Approxi-
mations of these functions are also provided. For a flat disk
transducer, the final formulation appears as a modification
to the established Sigelmann-Reid formulation. For a fo-
cused transducer, the final correction is a weak function of
frequency when the scattering volume is near the focal area,
rather than the frequency squared dependence proposed by
earlier investigators.

I. INTRODUCTION

N TISSUE CHARACTERIZATION , the “backscatter coefhi-
Icient” is a parameter that describes the effectiveness
with which the tissue scatters ultrasound energy. Recov-
ering this parameter from a pulse-echo system has been
pursued by many investigators. The American Institute
of Ultrasound in Medicine (ATUM) [1] recommends that
“measurements of the backscatter coefficient in phantom
materials should be made using the Sigelmann-Reid [2]
technique”, where the farfield of a flat transducer is used,
and system calibration is accomplished by substitution
with a reference plate. In the final data reduction, the
area of the transducer beam appears as a correction factor.
This has caused some confusion, since some investigators
used the —3 dB beamwidth while others used the —6 dB
beamwidth. Alternative techniques and methods of data
reduction have been proposed [3]-[5]. System normaliza-
tion is replaced by a volume integral of the pressure distri-
bution pattern and the distribution function of the scat-
terers in the method of Campbell and Waag. [3] A similar
integral is developed in the method given by Madsen et al.
4

We have developed another formulation for the data re-
duction of the absolute backscatter coefficient from pulse-
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echo measurements. This formulation uses simple func-
tions with tractable approximations which are, in some
instances, simple constants. In Section I, the sonar equa-
tions for a single scatterer as well as a distribution of scat-
terers are derived. The diffraction correction function is
defined. The effect of the attenuation is included by using
complex wave numbers and is elaborated in Appendix B.
System calibration is discussed, and the acoustic coupling
correction coefficient is defined. In Section III, the diffrac-
tion correction function and the acoustic coupling function
for two very useful cases are presented: the flat disk trans-
ducer and the spherically focused transducer. Approxima-
tions of these functions are provided. In Section IV, the
new formulation is compared with established methods.
The AIUM recommended Sigelmann-Reid method is de-
rived as a special case of our formulation for a flat trans-
ducer, and a modification to their formulation is proposed.
The formulation for the focused transducer given by Mad-
sen et al. [4] is also evaluated. For simplicity, the pulse
duration is assumed to be much smaller than the receiver
time gate duration. The modification to the backscatter
formulation due to this simplification is discussed in Ap-
pendix A. The effect of coherent scattering can be ignored
under this assumption. [4]

I1. THE Basic FORMULATION
A. The Incitdent Wave
In the following discussion, a broadband pulse-echo sys-
tem is assumed. Frequency domain analysis will be used,

where the time and frequency domain representations of
any signal are related by the Fourier transform pair:

p(t) = % /00 P(w) exp(—iwt)dw, "
od T 1
Pw) = /_ p(t) exp(iwt)dt,

and w = 27 f is the angular frequency of the acoustic wave.
Since p(t) is real, we have P(—w) = P*(w). The geometry
of a typical measurement system is shown in Fig. 1, where
the material or tissue to be measured is surrounded by a
well-characterized fluid medium. The surrounding medium
has density pg and sound speed cy. In general, ¢g is com-
plex, so that the wave number k = w/cy is also complex.
In the transmission mode, the transducer surface is driven

0885-3010/97%05.00 © 1997 IEEE



516

into oscillation by an electrical excitation such that the
normal velocity distribution on the transducer surface is
Up(rr;w). The incident pressure field at r, denoted by
P, (r;w) in the frequency domain, can be written as

Pip(r;w)

where Py(w) = pocglU (w) is the characteristic pressure am-
plitude at the transducer surface, U(w) is the overall nor-
mal velocity on the transducer surface, and Dp(r;w) is the
radiation pattern defined as

_ ik // Up( rT, eXp(szT)dS(rT),
s VW) (3

where Ur(rr;w)/U(w) can be regarded as the relative sen-
sitivity and phase delay of each transducer element, and
rl, = |r —rp| is the distance from the point source on the
transducer surface to the point of observation. Using this
definition of the radiation pattern, the transducer can be
focused either geometrically or dynamically through phase
delays. This expression for the radiation pattern is rigor-
ous for a transducer with active element larger than the
acoustic wavelength (ka > 1).

= Py(w)Dr(r;w); (2)

Drp(r

B. The Receiwed Scattered Wave from a Single Scatterer

For a single scatterer located at r, the scattered pressure
Py(r,rg;w) far away from the scatterer (krg > 1) can be
written as

Py(r,rg;w) = Py (r;w)P4(r;w) explikry)/rs,  (4)

where ®,(r;w) is the scattering amplitude function, and
r, is measured from the scatterer to the observation point.
The scattering amplitude depends on the size and shape of
the scatterer, as well as its compressibility contrast, v, =
(k—ko)/ Ko, and density contrast, v, = (p— po)/p, relative
to the surrounding medium, and the scattering angle, 8, =
arccos(kiy, - ks/k?). When the scatterer is small compared
with the wavelength, the Rayleigh approximation can be
used, i.e.

ka2 ¥
b, = S e £ G5 . 5
3 ((Y+1vp/3cos ) )

For a weak scatterer with |v,| < 1, we have the Born
approximation

k23

Qs =
3

Z (v +yp cosBy). (6)

Using this definition, the differential scattering cross-
section of the scatterer is given by og4(r;w) = |@s(r;w)|?.
Since the scattering angle at the surface of the transducer
is nearly 180° for r5 > a, it will be treated as a constant
in the following discussion.

The scattered acoustic pressure received by a phase sen-
sitive transducer due to the presence of the single scatterer
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can be expressed as the average of Py(r;w) on the trans-
ducer surface, i.e.

SLR /SR (7)

where Sp is the area of the active transducer element, and
Ur(r;w)/U(w) can be regarded as the relative sensitivity
and phase delay of a receiver element. Let us define

rsw) _ ik Ur(rg;w) exp(ikrly) .
Dg(r; //SR U(w) " dSr( R)(8)

Ugr(r;w)

?S(r;w) = U

Ps(r,rs;w)dS(rg),

as the radiation pattern of the receiver, where rf, = 7,
is the distance from the point receiver on the transducer
surface to the point of observation. Combining (6-8), we
have

Py(r;w) = Py(w)Dp(r; w)[i27®4(r;w) /(k - Sr)| Dr(r;w).

9)

Eq. (9) is analogous to the sonar equation for a single
scatterer where 1279, (r;w)/(k-Sg) is the target response.
In time domain, 7,(r; ) is localized around ¢ = 2r/c under
most pulse-echo conditions.

Since the transmitter and the receiver are identical and
reversible transducers, we have

Dr(r;w) = Dr(r;w) = D(r;w). (10)

In the following discussion, we will continue to use different
transmitter and receiver radiation pattern nomenclature,
when necessary, to help keep track of the derivation.

C. The Received Scattered Wave from an Inhomogeneity

The scattered pressure wave from an inhomogeneity can
be expressed as [6]

=JIf,

+ 7 (r)VP(r;w) e Vg (rslr; w)] dV(r) (11)

(r,rs;w (r;w)g (rsjr;w)

where P(r;w) is the pressure in the medium, ¢ (r,|r;w) =
exp(tkrs)/4mrs is the three-dimensional free-space Green’s
function, and the gradient operator is with respect to r.
When the observation point is far away from the scattering
region (kr, > 1), we have

exp (zkrs)

Vg (rs|r;w) ~

(—iks). (12)

Now let us assume that over the volume of interest the
pressure distribution is not far different from a plane wave

such that VP(r;w) = P(r;w)(ikiy,), or
VDr(r;w) = Dp(r; w)(ikis),

) can be written as

(13)
then (11

Py(r,rsw
R [[ / REe(hrs) ) Do)V (r) (14)

4ot
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where 7, ,(r) = e (r) + 7,(r) cos 8 is the combined com-
pressibility and density contrast at r, and cosf, = k;, -
k,/k%.

The scattered pressure, detected by the receiver, is the
average over the receiver surface, as defined by (7). Then

PyreV,w) = Pg(w)

' / / y DT<r; ) hp (¥) D (;0)dV (r)
(15)

where Dr(r;w) is the radiation pattern of the transmit-
ter, and Dg(r;w) is the radiation pattern of the receiver,
as defined earlier. Since Dr(r;w) = Dg(r;w) from (10),
D(r;w) will be used in later discussions.

The scattered power as received by the phase sensitive
transducer is therefore (except for a constant for unit con-
version)

2
Pl € Vi) = [Po(w)? (%)

///V// VDz(rW)D*Z(r’;w)

X Y (1) Ve, (£)dV (r)dV (). (16)

The mean power is calculated from
— E \?
(P.r € Vio)) = 1)l 55 )

' ///v // VDQ(F;‘”)D*Q(I“';W)

X (Tp(0) 12, (x)) dV (r)dV (r'), (17)

where (7., (r)7;,(r')) is the auto-correlation function
of Yx,(r) and is dependent on the distance |ra| only,
where ra r —r. From (13), we have D(r’;w)
D(r;w) exp(ik;n-ta) for ki, -ra < 1. 1f | D(r; w)]* does not
change significantly over the correlation length of 7., (r),
the integrals in the above equation can be de-coupled.
Then (17) becomes

~
~

(IPs(r € Viw)*) = [Po(w)|*n(w)

l(kSR) [I], peara).

(18)

where integration is over the whole volume the scatterers
occupy, and n{w) is defined as

nw) = < ) J[] oty + 20y

x exp(—12K;n - Ta)dV (ra). (19)

A similar but more detailed analysis of the double volume
integral is provided by Campbell and Waag [3].

Fig. 1. Scattering geometry.

Experimentally, scatterers are often present outside the
volume of interest, and a receiver time-gate ¢ = [t1, 1] is
used to select a sample volume. Thus the integration is over
a finite volume bounded by the two hemispherical surfaces
as depicted in Fig. 1. Let us define the mean diffraction
correction function for the backscatter measurement as

Di(r € Viw) = [(kSR> /// D(r;w)[*dV (r)

where | = ¢7/2 is the length of the sample, and 7 = t3 — #;
is the duration of the receiver gate. Then (18) takes the
form of

(IPs(r € Viw)|?) =

(20)

(Po(w)*n(w) - 1-Dy(r € Viw).
(21)

D. An Ensemble of Discrete Scatterers
‘When a distribution of discrete scatterers are present in

the acoustic field, the received echo is the sum of individual
echoes, i.e.

N
Zﬁ (rj;w)

.

Z (rj;w) - [20®4(r;w)/(k - Sr)],

(22)
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where $,(r;w) = k23a§ (v« — ¥p) is the backscatter ampli-
tude function of an individual scatterer. For simplicity, the
scatterers are assumed to be identical spheres. When the
scatterers are randomly distributed, the scattered power
from the scattering region can be derived using the same
procedure discussed for scattering from an inhomogeneity.
For discrete scatterers, we have

« — 7o, inside a scatterer,
Vo (1) = {7 K (23)

0, otherwise

Let ng be the number density of the scatterers, then
for an elementary volume dV there are nydV scatterers.
The auto-correlation function of ~,,(r) can be found from
geometrical considerations as

<7mp(r>7np(r + rA>> =

3 24
x (1 Seal g B2 0 < ra < 20,7
0. Otherwise.
The value of the auto-correlation function at [ra| = 0 is

the mean square value of the compressibility-density con-
trast, which is easily proved since ng(4ma2/3) is the volume
fraction of the total discrete scatterers. Substituting into
(19), we find the backscatter coefficient of the distribution
of scatterers under that condition kags < 1 is

n(w) = nooa(w), (25)
where o4(w) = |®s(r;w)|? is the differential backscat-
ter cross-section of each individual scatterer. Equation

(25) indicates that the backscatter coefficient is the mean
backscatter cross-section per unit volume.

E. System Calibration

Using electrical equivalent, (21) can be written as

(Vs(r € V3w)*) = |Vin(w) - X7 (w) - Xp()[* - n(w)
1 Dy(r € V;w), (26)

where Vi(r € V,w) is the received voltage signal from
the scattering volume, Vi, (w) is the electrical signal driv-
ing the transducer, X7 (w) = Po(w)/Vin(w) is the electro-
mechanical coupling factor of the transducer in trans-
mit mode, and Xg(w) = Vi(rjw)/Ps(r;w) is electro-
mechanical coupling factor of the transducer in receive
mode.

In (26), the backscatter coeflicient 7(w) is actually the
parameter of interest. Since Dy (r € V;w) can be obtained
either analytically or numerically, n(w) can be calculated
if the system response function |V, (w) - Xr(w) Xg(w)|? is
obtained. It is important to stress here that using the for-
mulation given by (26), the system response function does
not include the radiation pattern of the transducer. In the
Sigelmann and Reid technique, [2] the system response
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function is measured by putting a perfectly reflecting ref-
erence plate at the location of the sample volume. Others
have suggested putting the reference plate at half that dis-
tance. We will demonstrate later that the most convenient
position is in the nearfield for a flat transducer and in the
geometrical focal plane for a focused transducer.

It is instructive to note that if a perfectly reflective pla-
nar target of large extent is located perpendicular to the
acoustic axis z.r away from the transducer surface, the
reflected acoustic pressure detected by the transducer is
equal to the average acoustic pressure from an identical
transducer placed 2z,.¢ away, i.e.

— 1

Ur(rgp;w
Prleur) = g [ ) b, g, s)dS(en)
Sr

Ulw) (27)
where Py (r;w) = Po(w)Dp(r;w) is the transmitted pres-
sure field at r, Ug(rp;w)/U{w) is the relative sensitivity

of the receiver element at rgp, as defined earlier, and the
integration is over the surface of the receiver. Define

exp(—2ikzref) / Ur(rg;w)
SR Sk U(U))
X D (22pet; w)dS(rr)

Dyt (ZZreﬁ W) =

(28)

as the acoustic coupling function from the transducer sur-
face to the reference plane and back to the transducer sur-
face [7], then (27) becomes

Pref(zref; w) - PO (UJ) . eXp(iszref)Dref(2Zref; w>'
(29)

Using the same electro-mechanical coupling factors de-
fined earlier, the voltage output due to the reflective wave
at the transducer is

‘/ref(zref; w) = .
Vin (W) X7 (w) X r(w) exp(i2kzret) Dret (22ret; ).
(30)
Combining (26) and (30), we find the backscatter coef-
ficient is
_ <|V;(I‘ € V3w)|2> ) |Dref(22ref3w)12
[Viet Qzret; w)|2 1. Dy(r € Viw)’

n(w)
(31)

to which the transmission loss through the medium-tissue

interface and attenuation correction can be incorporated
to arrive at

) — (Tl € V50IE)

IDref(2zref§‘*i)l2
H/ref(QZrefQ(U)P £t AS(F; w) - Ds(ﬁ(f‘)) ’(32)

where

e (2W>4 _ (16(/)0//3000)2 (33

pc+ paco 1+ pe/poco)*

represents the transmission loss, pgocg and pc being the
acoustic impedance of the medium and the tissue, respec-
tively, and A(7;w) represents the attenuation correction
derived in Appendix B.



CHEN et al.: THE MEASUREMENT OF BACKSCATTER COEFFICIENT

ITI. SPECIFIC APPLICATIONS

From (31) and (32), the backscatter coefficient n(w) is
obtained from two measurements, the power spectra of
the backscatter signal and the reflected signal from a flat
reference plate. The final data reduction involves the com-
putation of the mean diffraction correction coeflicient for
backscatter Dy(r € V;w), defined in (20), and the cou-
pling function D,ef(22pef;w), defined in (28). In general,
the computation of D,(r € V;w) involves a surface inte-
gral over the surface of the transducer, followed by a vol-
ume integral over the space the scatterers occupy; and the
computation of Dyet(2zrer; w) involves a surface integral
over the transducer, followed by another surface integral
over the surface of the “mirror” transducer. Fortunately,
it is possible to reduce these tedious and complex com-
putations into simple function evaluations for some very
important applications.

The mean diffraction correction function for the
backscatter measurement, defined in (20), can be regarded
as the mean value of Ds(r;w) along the length of the sam-
ple, i.e.

- 1 T2
Dy(r e Viw) = —/ D (r;w)dr, (34)

—1/2

where 7 is the mean distance from the transducer surface
to the sample volume, and D(r;w) is the diffraction cor-
rection function defined as

D)= () [ pweras@, @)

where the integration is over the hemispherical surface
with a radius r, as depicted in Fig. 1.

The integral in (34) can be replaced by D(r € V;w) &
Dy (7;w) if Dg(r;w) does not vary significantly over the
integral length, as is the case in many practical situations.

Due to the finite length of the transmitted pulse, the
integration volume is actually more complicated than
given here. A more detailed discussion is included in Ap-
pendix A, where a spatial receiving gate is defined. The
discussion given here is valid when the pulse duration is
much smaller than the receiving gate duration.

A. The Flat Disk Transducer

For a flat disk transducer, the relative sensitivity of the
transducer surface can be written as

]., |I‘T| S a,

0, otherwise, (36)

Un(ers) V) = {
where o is the radius of the active element. The diffrac-
tion pattern of such a transducer has been solved in many
forms. Using the spherical coordinates shown in Fig. 1 and
the diffraction pattern given in Chen et al. [§], we have

ID(r;w)|* = | exp(ikr)[* [us (Y, 2)% + us(Y, 2)?]
(37)

1
b
=

A
LA

W
)
L
1

D(riw)-pra* ]

0.01

7
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0.001 t
0.01 0.1 1 10
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0.001 /
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Fig. 2. Diffraction correction coeflicient Ds(r;w) vs. g/, normalized
by ma?/r? (top) and 47 /(ka)? (bottom). For the flat disk transducer,
g = ka?/2r; for the focused transducer, g = Gp(ro/r — 1). Dashed
lines represent the approximations. The approximations are almost
indistinguishable from the numerical results for the scales used.

where Y = ka?/r, Z = kasin @, and u; (Y, Z) and us(Y, Z)
are the Lommel function of the first order and second or-
der, given by, respectively

%) 2n-+1
a2) =31 (3) (@)

n=0
oo v 2n+2
w(V,Z) =S (-1 = Joni2(Z).  (38)
Y, 2) nEZO( ) (Z> +2(Z)

and J,(Z) is the n-th order cylindrical Bessel function.
Substituting into (35), we have

- 2 Z=ka
Du(riw) =75 [ s{im(v.2)2/vF (39)
27-%
+ [ua(Y, Z)Z/Y]2}22—3 1-— <k—Za> dz.

This integral is readily evaluated using the method dis-
cussed in Chen et al. [8] where alternative formulations of
(38) are provided for specific values of Y and Z.

Fig. 2 shows D, (r;w) plotted against g = Y/2 = ka?/2r
on logarithmic scale, normalized by ma?/r%. The parame-
ter g can be considered as a normalized distance from the
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transducer to the scatterer location. The dependence of
Dy(r;w) on g can be divided into two intervals, g < 7 and
g > m. For g < m, the variation of D,(r;w) is relatively
slow, while for g > m, Ds(r;w) is nearly inversely propor-
tional to ¢°. The following empirical expressions can be

used:

The limiting value of D,(r;w) for ¢ < 7 is (7a?/r?) Feo,
where

(FQQ/T2>E00 exp[_EooW(g/ﬂ)2]7 g <m,

Dy(r;w) (wa?/r?)g 2, g > (

40)

lim lim [Z7%@
B, = 8 Y, Z2)Z/Y)?
ka—oc0 Y =0 J7—g {[U1( ) / ]
2 Z\? o
T ua(Y, 2)Z/ V2 278 |1 (k) iz, (41)
a
Z=0c0
= / 811 (Y, 2)]*Z3d7 = 0.46.
Z=0
Since r/rg = (g/7) ™! is the distance from the transducer

to the scatterer location, normalized by the Rayleigh dis-
tance of the transducer rg = ka?/2w, it might be concep-
tually more evident to express the above relationship as

47/ (ka)?, r/ro <1,
Dy(r;w) =< [4n/(ka)?] ( ?Eoo)(r/r0) 2
X exp [ Eoon(r/ro)~ } , r/rg > 1. (42)

Nummerical investigation of (39) indicates that (42) pro-
vides the value of Ds(r;w) correct to within 1/2 dB for
any value of r/ro. Several conclusions can be made from
Fig. 2 and (42): (1) when the distance from the trans-
ducer to the scattering volume is small compared to the
Rayleigh distance, the diffraction correction varies slowly
with distance, but it is inversely proportional to the fre-
quency squared; (2) when the distance is much larger than
the Rayleigh distance, the diffraction correction varies
slowly with frequency, but it is inversely proportional
to the distance squared; (3) beyond the Rayleigh dis-
tance, the diffraction correction function decreases slower
than 7=2; (4) for a particular transducer, the diffraction
reaches maximum at 7max /70 /2 1.16, where Dy (rmax; w) =
1.13 - 47/ (ka)? = 14.2/(ka)*.

The physical meaning of (42) becomes obvious when the
case of an ensemble of discrete scatterers is reconsidered.
Substituting (42) into (21) we find

wa’l

(IPs(r € V;w)l) = [Ro(@)*  n(w) - —5-Foo, for 7> 10,

(43)
Let us define Neg = ng-ma?-1- Es as the effective number
of scatterers in the integration volume. It is the number of
scatterers in the volume projected by the transducer sur-
face along the length of sample, modified by the correction
coefficient F,. Using this definition, we have

Neggog

(IPs(r € Vsw)*) = |Ro(w)l? (44)

772
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Fig. 3. Acoustic coupling correction |Dyes(22pes; w)|? vs. g/m. For the
flat transducer, g = ka2/2zref, and zp.t is the distance from the
transducer to the reference plate; For the focused transducer, the
reference plate is positioned in the focal plane such that z.ef = 10
and g = Gp. Dashed lines represent the approximations.

It states that the expected backscatter power from the
scattering volurne is equivalent to the backscatter power
as measured at a distance 7 away from a single scatterer
in a plane wave field with an effective cross-section of
et = Negog. The effective beam cross-section for the
backscatter measurement is about 46% of the geometri-
cal cross-section of the transducer in this case.

It is easy to demonstrate numerically that if [ < 7, the
mean diffraction correction function for the backscatter
measurement can be replaced by the diffraction correction
function at the mean distance from the transducer, i.e.,
D,(r € V;w) =2 D,(7;w) From (42), it can be approxi-

mated by
Dy(r € Viw) =
47/ (ka)?, 7/ro < 1,
[4m/(ka)?] (n?Euo)(F/ro) ™2 (45)
X exp [~ Eoom(F/ro) 2], 7/ro > 1.

For a flat disk transducer with an element radius of a,
the acoustic coupling function Dyes(22ref;w) is the Lom-
mel diffraction function. A closed form of this function
has been given by Rogers and Van Buren [9] and Chen et
al. [7] as

Dret(22ret; w) = 1 — exp(—ig)[Jo(g) + iJ1(g)]
(46)

where z.¢f 18 the distance from the transducer to the refer-
ence plate, and g = ka? /22e¢ can be considered as a nor-
malized distance. The numerical value of |D,ef (22685 w)|?
is shown in Fig. 3 as a function of g. The dependence of
| Dret (221685 w)|? on g can also be divided into two inter-
vals, g < 7 and g > 7. For g < 7, |Dret(22per;w)|? is
nearly proportional to g2, while for g > n, the variation of
| Dret (22163 w)|? is relatively slow. The following empirical



CHEN et al.: THE MEASUREMENT OF BACKSCATTER COEFFICIENT

expressions can be used

ZJDref(eref;w)'Q =
{ (9/2)? exp [~ Eoor(g/m)?] , g <,
exp [—(2/m)(g/m)"Y?],  g>m,
(47)

which can also be written as

”Dref(2zref;w)12 =
exp [—(2/7?)(zref/r0)1/2] s Zret/T0 < 1,
(m/2)*(2ret /10) >
X exp [~Eoom(2ret /T0) 2], 2vet/T0 > 1.
(48)

The above discussion indicates that the sample volume
and the reference plate can be positioned at different lo-
cations. If we allow zyer = 7, (31) becomes

(Vi(r e V;w)?)

|V;ef(77;w)|2

. ka)
o ] Ledmeexp [(2/m)(7/ro) /2]

(Va(r € Vi)
“/ref(ﬁw)P
ka)?
1 4rw 4E.,’

2

,f/T0< 1,

(49)

7/ro > 1.

Notice that the final correction is nearly proportional to
the frequency squared.

B. The Focused Transducer

For a spherically focused transducer, the relative sensi-
tivity of the transducer surface can be written as

exp(—ik|rr|?/2ro), |r7] < @,
Ur(rr;w)/U(w) = {0 P klrrl/2r0) |Of}i1erwise (50)
) (5

where a is the radius of the active element, rq is the radius
of curvature (geometric focal length). The radiation pat-
tern of the focused transducer is more complicated than
that of the flat disk transducer. However, most measure-
ments with focused transducers are made near the focal
area. The radiation pattern here has been given in different
forms by several authors. Using the spherical coordinates
shown in Fig. 1 and the diffraction pattern given in Chen
et al. [8] , we have
D(r;w)|* = (ka?/r)' Y~ [ (Y, 2)* 4 ua(Y, 2)%)
(51)

where Y = (ka?/r)(1 — rcosf/ry), and Z = kasin@, and
u1(Y,Z) and us(Y,Z) are the Lommel functions of the
first and second kind defined earlier. Letting G, = ka?/2rg
stand for the pressure gain factor, and g = G,(ro/r — 1),

-1
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Fig. 4. Diffraction correction coefficient D¢ (7;w) vs. r/rg, normalized
by wa?/r? for the focused transducer, for focusing factors G = =,
27, 3w, and 4. For 7o = 50.4 mm and e = 6.35 mm, these corre-
spond to 1.87 MHz, 3.756 MHz, 5.62 MHz, and 7.50 MHz, respectively.
Dashed lines represent the approximations.

we have Y = 2¢ + 2G,(1 — cos ). Substituting into (35),
we again have

=T [ s 2y
(@)

This expression is identical in form to (39) for the flat disk
transducer. For high frequency (ka > 1) weakly focused
transducers (a/rq < 1), the dependence of the diffraction
correction on |g| is very similar to that for the flat disk
transducer, as shown in Fig. 2. This is not surprising, how-
ever, since the only difference between (39) and (52) is the
definition of V. It is easy to demonstrate numerically that
Y ~ 29 + Z2/(kry) = 2g for values of Z which contribute
significantly to the integral. Notice that the parameter g
has values close to zero when the scatterer is near the fo-
cal area of the transducer, corresponding to the farfield
of a flat transducer. The approximate form given in (44)
translates to

1
2

+ [us(Y, 2) 7)Y} Z73 dz.

(52)

IDs(r;w)
(ma?/r?) Eo exp [—(EOO/W)GI%(T()/T‘ — 1)2] ,
(14+7/Gp)™t <7r/rg < (1—7/Gp)7 Y,
(ra?/r2) [Gp(ro/r—1)%] 2,
otherwise.
(53)

Shown in Fig. 4 are the numerical values of D,(r; w) nor-
malized by ma?/r? as a function of r/rq for G, = =, 2,
3, and 47, calculated from (52) and (53). For weakly fo-
cused transducers with moderate pressure gain factors, the
approximate expression given by (53) provides the correct
value of Dy (r; w) to within 1/2 dB. Several conclusions can
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be made from Fig. 4 and (53): (1) when the scattering vol-
ume is close to the geometric focus, the diffraction correc-
tion varies slowly with frequency, and is inversely propor-
tional to the distance squared; (2) at the geometric focus,
Dy(r;w) = (ma®/r3)E does not depend on frequency;
(3) Beyond the focal point, the diffraction correction de-
creases faster than 77%; (4) for a transducer with a par-
ticular geometry at a particular frequency, the diffraction
correction reaches a maximum at rpax & ro(1— 272/ SGJ%),
where D (rmax; w) & (ma?/r3) Eos exp [(2/3)(Gp/m) 2.

Similar to the flat disk transducer, it is easy to demon-
strate numerically that, if [ < 7, the mean diffraction
correction function for the backscatter measurement can
be replaced by the diffraction correction function at the
mean distance from the transducer, i.e., D,(r € V;w) &
Dg(r;w). From (53), it can be approximated by

Dy(reV;w)=
(1a?)7?) By eXp[ ( OO/TI')GQ(T‘Q/’F— 1) }
(1+7/G—p)~t <¥/rg 2(1—7r/Gp)
(wa?/72) [Gp(ro/r -1 ] , (54)

otherwise.
The acoustic coupling function Dier(22cef;w) for a

spherically focused transducer has been given by Chen et
al. as [7] (after the substitution ¢ = —j is made)

(—)}

(55)

Dref(zzreﬁ UJ) =

Lo [ (o ) e [

— exp(—igz)[So(z, 9) + i51(z, g ]

=@

where ¢ = ka?/22%ef, T = 220¢/70 — 1, and

So(z, g) = %Z [(“Un ( _; 293p> JZnJﬂ(Q)} :

n=0

o] 2n+1
2
Sieg) =S 10" | S @) nsa(g) |56
9 n=0 p=—{2n+1),2

Generally, evaluation of (57-58) is necessary to obtain
| Dyt (221683 w)|2. When the reference plate is positioned in
the focal plane, i.e. 2es = 70, we have z = 1 and g = G.
Then the functions Sy(x, g) and S1(z, g) reduce to Jo(Gp)
and Ji(G,), respectively, and (55) becomes [7]

Dret(2rp;w) = —1 {1 —exp(—iGyp) [JO(GP) + iJl(Gp)} } .
(57)

The numerical value of |Dye(2ef; w)|? as a function of G,
is identical to that for the flat disk transducer in this case.
Again the coupling function |Dyef(2rer; w)|? is only weakly
dependent on the acoustic frequency when G, > =, and
this function can be replaced by the simple form given in
(34). Because Gy, is the pressure gain factor of the focused
transducer, the condition G, > 7 is satisfied for most cases
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of practical interest. Therefore, we have

2~

| Dret (2705 w)|* =2 exp [ (2/7r)(Gp/7r)'1/2} , Gp>m.
(58)
If we allow zref = 7 = 79, (31) becomes
o <|VS(1‘ € V;w)|2> 72
n(w) = |Viet (To; w)|? . l~7ra20- E.
exp |~ (2/m)(Gy/m) 2] (59)

Notice that there is only a weak frequency dependence in
the final correction.

IV. DISCUSSIONS

We now demonstrate that the AIUM recommended
Sigelmann-Reid [2] formulation can be derived as a special

case of our formulation. The Sigelmann-Reid formulation
can be written as ((23) in [2])

<|V (reV;w)? > 72
I‘/ref(hw” 4Seffl’

Ns-r(w) = (60)
where the attenuation correction has been suppressed, [
is used in place of e¢{ts — £1)/2, and Seg is the effective
beam cross-sectional area. Using their recommendation,
the —3 dB beam area is used as the effective beam cross-
sectional area, i.e.

2
1.61
S_34B = 7T(77Sin9V3 dB)2 = 72 < £a6>

(61)

‘When the same experimental condition is used, and cal-
ibration is performed by substituting the sample volume
with a perfect reflector (z.er = 7), (31) can also be writ-
ten in the form of (60), except the effective beam cross-
sectional area is

L 4F

Seﬁ" =T7r (ka)Q’

(62)
(61) and (62) are identical except for a numerical con-
stant. The difference in the numerical constant can be ex-
plained by the fact that the —3 dB beam cross-sectional
area is derived from |D(r;w)|?, while in our formulation
the effective beam area is derived from |D(r;w)|* which
has a narrower lateral distribution. We propose that the
effective beam cross-section defined in (62) be used in the
Stgelmann-Reid formulation, instead of the —3 dB beam
cross-sectional area.

It is important to stress that the Sigelmann-Reid
method is based on the assumption that the pressure dis-
tribution has reached spherical spreading at the location
of the sample volume, i.e. the pressure amplitude decays
as 1/r. This requires that 7 >> ka?/2m, the latter being the
Rayleigh distance of the transducer. A safe estimate of the
distance is 7 > ka?/2. However, the —3 dB beamwidth is
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comparable with the diameter of the transducer at these
locations, and poor spatial resolution is achieved. Also, the
required distance becomes prohibitively large for relatively
high frequencies such that the signal-to-noise ratio poses
an additional difficulty to the accurate measurement of
backscatter coeflicient. For example, for f = 5 MHz and
a = 6.35 mm, we have # > ka®/2 = 0.40 m. For these
parameters, the sample should probably be placed at the
Rayleigh distance of the transducer, and the exact numer-
ical solution of (20) and (28) or the approximate solutions
in (42) and (48) should be used for the final data reduction.

As for the spherically focused transducer, many formu-
lations exist. The following formulation for the backscatter
coeflicient from pulse-echo measurement was presented by
Madsen et al. [4]

(VilreViw))?)

M-1-2(w) = (r/2m)2a(w) (63)

where ([V,(r € V;w)|?) is the averaged power spectrum of
the gated radio-frequency signal from the scattering vol-
ume, a(w) is defined as

o) = [[[ aves)| [~ awrersw)

. {(w — )T
X sinc | ——"—
2

4

[

T is the receive gate duration, T(w)B(w) represents the
system response function, and Ag(w) is defined as

Aotsi) = [ . FPURL) 45e1).

T

(65)

Notice that Ag(r;w) = (i27/k) - D(r;w) where D(r;w) is
the radiation pattern defined in (3}, except that a relative
phase delay and amplitude shading of the transducer el-
ements are allowed in our formulation. The sinc function
in (64) is due to the finite gate duration. If we ignore the
effect of the gate duration (see the discussion by Wear and
Popp [10]), by setting sinc[(w—w’)7/27] 2 (27/7)0(w—w'),
then (64) becomes

a(w) 2 [T(w)B(w)*(2r/7)? / / V)l
= |T(w)B(w)|*(2r/7)2(2rS/k)? - 1 Dy(r € V;w) (66)

where D,(r € V;w) is the mean diffraction correction
for backscatter coefficient defined in (20). The system re-
sponse function T'(w)B(w) is obtained from

T(w)B(w) = Veer(w) [R //SR Ao(r; w)dS(rR)] ) 7(67)

where Vier(w) is the Fourier transform of the radio fre-
quency voltage signal from a reference reflector and R is
the reflection coefficient of the reference reflector. Again,
since Ag(r;w) = (i27/k) - D{r;w), we have

IT(W)BW)* = Viet () [* (275 /k)?| Dret (22cet; w) | 72
(68)
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Fig. Al. A more realistic scattering geometry for tissue characteri-
zation, and the definition of the spatial receive gate.

Combining (63), (66) and (68), the backscatter coefficient
is

<H/;(I‘ € V;CU)I2> . ;Dref(2zref;w)|2
”/ref(zzref§w)|2 {- DS(I‘ S V, w) ﬂ(69)

14

M-1-z(w)

which is identical to our formulation as given by (31).

V. CONCLUSION

A new formulation for measuring the backscatter coef-
ficient is presented. System calibration is accomplished by
using a reference plate (a perfect reflector), as has been
suggested by others. Two nondimensional correction func-
tions are defined as integrals of the diffraction pattern of
the transducer. Approximate solutions are provided for
two useful cases, the flat disk transducer and the spher-
ically focused transducer. These solutions are easy to eval-
uate numerically. For the flat disk transducer, the final
data reduction involves a corrcction proportional to the
frequency squared, as predicted by Sigelmann and Reid [2].
Our formulation agrees with Sigelmann and Reid [2] when
the same experimental condition is used, except for a nu-
merical constant. It also suggests that the sample volume
and the reference plate could be placed in the nearfield for
a flat transducer. For the focused transducer, our formu-
lation agrees with Madsen et al. [4] when the effect of the
finite receive gate is ignored. The final data reduction is
only weakly dependent on the frequency when the sample
volume is close to the focal area.

APPENDIX A. THE SPATIAL RECEIVE GATE

A more practical experimental set-up is shown in
Fig. Al. The transmitted pulse has a finite duration 7,
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and the receive gate duration is 7 = t5 — ¢1. Due to the fi-
nite pulse duration the gated received signal includes scat-
tering information from the three volumes marked I, IT and
IIT depicted in Fig. Al, assuming 7 > 7,. The scattering
signals are received completely for scatterers in region I7,
and the scattering signals are received partially for scatter-
ers in region [ and [II. This situation justifies the definition
of a spatial receive gate G(r) shown in Fig. A1, with

r—"r

, 71 <71 <711+ TR,
TpC

1
G(r) =1 7.

To — T

1+ Tpe < < 19— TR,

, o — TpC <17 < Ta, (A1)

TpC
0, otherwise.

Here, 1 = coti/c—#c(tl ‘fi)/2, T9 = Coti/2+c(7§1 —ti)/2, t;
is the arrival time of the medium-tissue interface, and r; =
coti/2 is the distance from the transducer to the interface.
The effective sample length, , is therefore:

l:/ G(rydr =re — 11— cTp/2

clts —ty —1)/2, (A2)

Il

and the mean distance from the transducer to the sample,
7, is

- / GV dr = (r +11)/2. (A3)

T1

The mean diffraction correction in (31) can be replaced by

DireViw) = %/’"2 G(r)Dg(r;w)dr, (A4)

which reduces to (31) if 7, < 7.

AprPPENDIX B. THE ATTENUATION CORRECTION

When attenuation is considered, the diffraction pattern
of the transducer D(r) is replaced by D(r)exp[—aqgr; —
afr — r;)], correct to the lowest order of approximation.
Here, g is the attenuation coeflicient of the medium, and
o is the attenuation coefficient of the tissue. The effect of
attenuation can be obtained by inspection of (A4):

1 [
DireViw) = [ GO

X exp|—4aor; — da(r — ry)|dr. (B1)
Keeping the definition of diffraction correction coefficient,

and allowing [ <« 7, we have the following approximation
for the attenuation correction coefficient

AsreViw) = %/ G(r)

X exp|—4agr; — da(r —r;)]dr. (B2)
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When the gate function in (A1)} is used, we find

As(r € Viw) &2 exp[—4agr; — dafr — ;)]
exp[2am,c] — exp[—2aT,c]  expl2ad] — exp|—2al]
4ol

dar,e

(B3)

When attenuation is considered, the coupling func-
tion |Dyer(22cef,w)|? is replaced by |Diet(22cer; w)|?
exp(—4opzret), as is apparent from (28). So the total at-
tenuation correction is

As(r € Viw) =2 expl—dao(r; — zer) — 4a(r — ;)]
expl2atyc] — exp[—2a7,¢]  exp[2ad] — exp[—2ad]
4ol

daT,c
(B4)

This correction is identical to that given by Sigelmann and
Reid [2] if cg is allowed to vanish in the above expression.

When al <« 1 (due to either low attenuation efficient
or small sample length), the last two terms of (B4) ap-
proaches unity. We have therefore

As(r € Viw) = exp[—4ag(r; — 2ret) — 40(F — 7))
(B5)
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