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Eratosthenes of Cyrene
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Pole at
Alexandria

Well at
Syene
(Aswan)

Parallel
sun rays

Angle from lengths of the
pole and its shadow:

1/50 of a circle
(~7°)

Centre
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Earth

Alternate interior
angles are
equal

Pole's
shadow

1/50 of a circle ↔ 5 000 stadia (~800 km)
∴ 1 circle ↔ 50 × 5 000 stadia

= 250 000 stadia (~40 000 km)

5 000
stadia

Alexandria

Syene

https://en.wikipedia.org/wiki/Eratosthenes

39,060 to 40,320 km 
true value: 40,075 km 

error: -2.4 to 0.8%



MixingLab Douglas H. Kelley 
hajim.rochester.edu/me/sites/kelley/

Fluid dynamics of brain cerebrospinal 
fluid with application to Alzheimer’s, 

stroke, traumatic brain injury.

Liquid metal fluid dynamics  
with application to energy storage 

and metals manufacture.



final exam score is predicted from a multiregression of the
scores of students on homework copying !C", first midterm
score !X1", skill of students determined from the online
homework tutor !S", and MBT pretest score !D". The written
homework grade was an insignificant predictor,

final exam score = − 0.47C + 0.26X1 + 0.26S + 0.20D ,

!2"

where all variables are normalized in terms of standard de-
viations of the class !Z scores". The fit had r=0.69!0.05.

This is evidence that, contrary to the typical belief of
American students that innate ability !i.e., the MBT pres-
core" is the principal determiner of exam success, doing all
assigned work is a surer route to exam success than innate
physics ability.

B. Mechanics baseline test vs copying

Given the strong decline in test scores with increased
copying for exam problems requiring analytic responses, we
were surprised to find insignificant !r=−0.03" correlation be-
tween the amount of copying and a student’s conceptual
learning as measured by normalized gain on the MBT #8$.
This was one order of magnitude less than the highly signifi-
cant correlation r=−0.43 between final exam score and
copying fraction. The repeated copiers appeared marginally
weaker on the MBT pretest !slope of −0.48!0.27" and just
significantly weaker on the post-test !slope of −0.61!0.27"
with resulting insignificant difference between predepen-
dence and postdependence of MBT score on the amount of
copying !difference of %0.3 combined error bars of %0.4,
p%0.7".

Why do repetitive copiers show equal learning perfor-
mance as students who copy much less on the MBT test

!improving %1.2 standard deviations" whereas they learn
around 1.5 standard deviations less on analytic problem solv-
ing? The most logical explanation is that most repetitive
copiers did the MasteringPhysics problems relevant to the
MBT. This test covers only material in the first half of the
semester when repetitive copiers copy only %20% of their
problems; furthermore, the relevant concept questions are in
the first half of each assignment where their copy rate is even
less. Students may also learn MBT-type material from other
elements of the course !e.g., lectures, recitations, textbook,
or talking to other students" unaffected by homework copy-
ing. This is strong evidence that repetitive copiers can learn
physics as quickly and as well as their colleagues if they try.

The difference of the correlation of homework copying
with learning outcomes on exam problems requiring analytic
responses vs the MBT is a very strong and extraordinarily
specific result by educational standards. It is comparable to
the much larger increases in conceptual learning !learning
effect of %1" in comparison with score increases on tradi-
tional exam questions #9$ after peer instruction relative to
those obtained with traditional instruction. Our finding also
suggests that doing !vs copying" analytic problems involving
angular momentum or gravitation and planetary orbits !top-
ics covered later in the term or assignment" contributes little
to increasing MBT scores even though these problems in-
volve many topics on the MBT.

Finally, we address the effect size associated with copying
using several different approaches. The first approach is to
measure the learning on the analytic final exam problems by
using a multiregression involving the MBT pretest and the
overall copy rate. This gives

final exam score !Z" = − 2.32 " copy rate + 0.094

" MBT pre !Z score" ,

suggesting a slope of learning vs copy rate of −2.3 standard
deviations per 100% copying. The second approach is moti-
vated by the hypothesis that copying causes lower scores. In
this case, only copying prior to each exam should correlate
with score degradation on that exam. But since the exams
emphasize recent material, recent copying should be more
important. Thus we plot !for each exam after the pretest" the
slope of score vs weighted copy fraction for that exam. For
each exam, the most recent period is weighted 1.0 and all
previous intervals are weighted 0.2 in total !except for the
final this weight is increased to 0.3" to account for our esti-
mate of the exam’s coverage of the material from previous
intervals of the semester. This graph, shown in Fig. 8, indi-
cates a roughly constant effect of prior copying, consistent
with this hypothesis. Importantly, it shows that although the
amount of copying early in the term is small !and hence the
error bar is larger", it correlates with nonlearning at the same
rate as does the increased copying later in the semester. !In-
cidentally, since the copying increases roughly linearly dur-
ing the semester, the hypothesis that lower test scores cause
subsequent copying is also supported by the data but with a
lower rate %1.2 standard deviation of test score causes 100%
copying."
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FIG. 6. Exam Z scores #!score-average"/!standard deviation"$
show marked decrease for the moderate and heavy copiers on ex-
ams further into the term in 2003 relative to the MBT pretest given
the first day. The scale at right shows letter grades corresponding to
the Z score. The curves guide the eyes.
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over the semester, procrastination by the repetitive copiers,
same slope of analytic final exam scores vs copy fraction of
−2.06!0.34, etc.! albeit at "1 /2 of the 2003 rate.

We had several objectives in designing this survey:
#1! to ask both multiple choice and open-ended questions

to elicit details on the mechanisms and motivations for
homework copying;

#2! to include some questions identical #in both wording
and format! to McCabe’s widely administered integrity sur-
vey $10% in order to compare MIT students with national
norms;

#3! to include more quantitative questions to facilitate
quantitative comparison of self-reported copy rates with
measured rates #and to calibrate the less specific questions on
the integrity survey $10%!; and

#4! to test whether the situational and demographic factors
found to correlate with more self-reported copying in the
earlier studies $2% were correlated with measured copying.

The details of this will be published in Ref. $3%. Briefly,
we found that students commit about 50% more copying
than they self-reported on the self-reported survey $3%. We

showed that actual copying #from both 2003 and 2005 data!
correlated with demographic factors: being male $11% and
being a business major $12% as found in previous self-
reported dishonesty surveys. #Since our freshmen had not
declared a major when they took the survey, we showed that
copying is a leading indicator of becoming a business major.!

Our survey’s focus on the underlying motivations of these
students confirmed earlier indications by Sandoe and Mil-
liron $13% and Newstead $14% that students motivated by
learning rather than obtaining grades or credit report that
they cheat less. Orientation toward understanding, either
within their major or within this course, correlated with re-
duced self-reported written and electronic homework coping
by an average of 40%, and these factors were multiplicative.
We found no effect of being older, upperclass, or of different
ethnicity.

Our survey shows that copying written homework is more
prevalent than copying electronic homework. MIT students
self-report about 75% more copying on written homework
#"6.5% of all problems and 1.55 times in the last year! than
on electronic homework #"3.8% and 0.84 times in the last
year!. This may be because the most common self-reported
mechanisms for copying written homework on our survey,
“copying a borrowed assignment” #58% of survey responses!
and “finding the solution online” #34%, often using the MIT
Open Courseware site!, are not available avenues for the
electronic homework.1 Furthermore, online students who are
stuck on a problem or unsure whether their solution is cor-
rect benefit from the feedback and hints available, reducing
the need to “borrow” others’ assignments.

MIT students typically reported a factor of 2 less aca-
demic dishonesty than the national average although they
were comparable to the national average on questions per-
taining to obtaining outside help on assignments. Also, they
felt that academic dishonesty at MIT was "30% less preva-
lent than did students nationally #except only "10% less on
“inappropriate sharing on group assignments”!. MIT students
were also about 30% less tolerant of most forms of academic
dishonesty including “collaborative working of homework”
than the national average.

Conducting interviews about homework copying proved
problematic because students were extremely reluctant to
discuss their copying, even months after the course was over.
We got no responses to "15 email invitations for interviews,
then invited about 40 of the most frequent copiers for inter-
views, offering $50/half hour. Only one of the approximately
five who agreed to be interviewed actually kept the appoint-
ment. Calling individual frequent copiers ultimately led to
about four emails or phone conversations in which all of our
questions were answered and another four conversations
where the student offered an off the record conversation
about copying. #Several students declined payment.! This
lack of response was specific to copying as we found out
when investigating what we suspected was a false positive:
our algorithm showed that a few students copied practice
problems #albeit at a rate around 6% or less! more than for

1Pearson regularly searches for posted solutions to its Mastering-
Physics problems and requests that they be removed from the web.
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FIG. 8. Slope of performance vs the weighted copying fraction
#see text! previous to that exam is constant for all exams at
−1.9!0.15.
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FIG. 9. Course failure plus drop rate #in percent! vs copying
fraction. The 20% of students who copy over 30% of their home-
work constitute 47% of the students who fail to complete 8.01 and
8.02 in two semesters.
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Thermocouples
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Cu | constantan

chromel | constantan

Fe
 | c

onsta
ntan

chromel | alumel

Pt | Pt + 10% Rh

• Where two metals touch, a voltage is developed 
that is proportional to temperature (Peltier effect). 

• Different proportionality for different metals.  

• Lead wires of same (or compatible) metal



Radiation thermometers / thermal cameras
• All objects radiate always! 

•  for ideal black body,  for shiny metals 

• Common to measure  at two or more  
wavelengths, estimate  from ratio.

ϵ = 1 ϵ = 0.018
E
T

9

E = ϵσT4 = ϵ∫
∞

0

C1λ−5

e
C2
λT − 1

dλ
radiation 
power

Stefan-Boltzmann constant 
σ = 5.669 × 10−8 Wm−2K−4

temperature

wavelength

C1 = 3.743 × 108 W ⋅ μm4/m2

C2 = 1.4387 × 104μm ⋅ K

emissivity
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Ex. 3.1: A force-measuring transducer has an open-circuit output voltage of 95 mV and 
an output impedance of 500 Ω. To amplify the signal voltage, it is connected to an 
amplifier with a gain of 10. Estimate the input loading error if the amplifier has an input 
impedance of (a) 4 kΩ, or (b) 1 MΩ. 

12

4 kΩ or 1 MΩ
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Single-stage low-pass Butterworth filter
14



Low-pass Butterworth filters
15



Digital multimeter
• High input impedance for voltage measurements 

• Low input impedance for current measurements 

• DC or AC 

• Can measure resistance 

• Some can measure capacitance, read thermocouples, …  

• Accuracy <1% of reading 

• Not working? Check leads, battery, and fuse!
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Oscilloscope
• For measuring time-varying voltages, 

typically periodic 

• High input impedance 

• Accuracy <1% of reading 

• Multiple channels 

• Up to 100 MHz 

• Usually USB output

17
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Computerized data acquisition
• Often connect via USB; sometimes internal 

• Wires from sensors connect to screw terminals 

• Range often -5 V to 5 V or 0 V to 10 V 

• Special ports for thermocouples 

• Analog inputs, digital input/output, 
occasionally analog outputs 

• Varying channel count (1 to ~30), bit depth (8, 
12, 16), sampling rates (~100 to ~1000 kS/s) 

• Software interface (LabView, Matlab, …) 

• National Instruments, Measurement 
Computing, Keyence, Arduino, … 

20



Ex. 4.5: A 4-bit analog-to-digital converter has an 
input range of 0 to 10 V. Compute the digital output 
for an analog input of 6.115 V. 

21



There are 10 kinds of people in the world: 

22

those who understand binary numbers, 
and those who don’t. 



Aliasing when sampling rate fails the Nyquist criterion
23
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0 Hz

sample at fs = 100 Hz

fN = 50 Hz

50 Hz

100 Hz

150 Hz

75 Hz

25 Hz

90 Hz

10 Hz

140 Hz

40 Hz

60 Hz



18 kHz tone
25

440 Hz tone



“A” note on ukelele
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“A” note on ukelele
27



“A” note on piano
28



“A” note on piano
29



Ex. 5.2: Determine the amplitudes of the first, second, 
and third harmonic components of the signal plotted 
below. 

30



Claude Debussy’s “Rêverie”
31
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Vogt, Horn, & Aurnou J. Fluid Mech. 2021
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A philosophy of captions
• Start with a brief and literal statement of what the figure shows (e.g., “Distributions of 

normalized resistance for different vascular arrangements.”).  

• Give the reader all information necessary to understand what you’re plotting and how: 
colors, plot symbols, math symbols, acronyms, etc. But information that is self-evident in 
the plots, e.g. because it’s on legends or labels, need not be repeated. 

• End the caption with a brief statement of the take-home message (e.g., “Though all 
distributions overlap with the observed normalized resistance, the hexagonal 
pseudorandom perturbed arrangement gives the closest match”). 

• Don’t write “A figure showing…” or “Plots of …” because that’s obvious.  

• In the body text, avoid writing about colors or symbols; just write about the quantities.  

• Keep details about the methods that produced the plots and the analysis of the results in the 
body text, not the caption… 

• … unless you’re writing with a tight word limit on body text (e.g. Nature or Science) and 
must therefore pack words into captions. 

34



HW2 #1: The noninverting amplifier shown below is to be 
constructed with a μA741C op-amp. It is to have a gain of 100. Sketch 
the Bode plots for this amplifier using specific numerical values. 

35

Write a caption.



Abstract: Oscillatory thermal-inertial flows in liquid 
metal rotating convection

We present the first detailed thermal and velocity field characterization of convection in a 
rotating cylindrical tank of liquid gallium, which has thermophysical properties similar to 
those of planetary core fluids. Our laboratory experiments, and a closely associated direct 
numerical simulation, are all carried out in the regime prior to the onset of steady 
convective modes. This allows us to study the oscillatory convective modes, sidewall modes 
and broadband turbulent flow that develop in liquid metals before the advent of steady 
columnar modes. Our thermo-velocimetric measurements show that strongly inertial, 
thermal wind flows develop, with velocities reaching those of non-rotating cases. Oscillatory 
bulk convection and wall modes coexist across a wide range of our experiments, along with 
strong zonal flows that peak in the Stewartson layer, but that extend deep into the fluid bulk 
in the higher supercriticality cases. The flows contain significant time-mean helicity that is 
anti-symmetric across the midplane, demonstrating that oscillatory liquid metal convection 
contains the kinematic components to sustain system-scale dynamo generation. 

36
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Rochester’s weather on 3 October
37



Rochester’s weather on 3 October
38



Ex. 6.1: The life  of a given type of ball bearing can 
be characterized by a probability density function 

 

If we pick a random bearing from this batch, what is 
the probability that its life will exceed 20 h? Be 
exactly 20 h? 

x

f(x) = {
0, x < 10 h
200
x3 , x ≥ 10 h
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Ex. 6.1: The life  of a given type of ball bearing can 
be characterized by a probability density function 

 

Calculate the expected life of a bearing. 

x

f(x) = {
0, x < 10 h
200
x3 , x ≥ 10 h

40



Ex. 6.4: For a given batch of light bulbs, 10% are 
defective. You buy 4. What are the probabilities that 
4, 1, or 0 of them are defective? 

41



Ex. 6.8: On average, welded pipes have 0.5 defects 
per linear meter. What is the probability of finding a 
single defect in a 0.5-m section? What is the 
probability of finding more than one defect in a 0.5-
m section? 

42



Normal (Gaussian) distribution
43

f(x) = 1
σ 2π

e− (x − μ)2

2σ2

μ



Rochester’s weather on 3 October
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Normal distribution (Wheeler & Ganji Table 6.3)
45

Second decimal point is in top row.



Normal distribution (Wheeler & Ganji Table 6.3)
46



Writing an abstract

An abstract is a one-paragraph summary of your report. 

• Basic introduction to the broad topic, readable by any colleague (1-2 sentences) 

• Detailed motivation for solving the specific problem at hand, readable by engineers 
(2-3 sentences) 

• Problem statement (1 sentence) 

• Statement of your findings (e.g., “Here we show…”) (1 sentence) 

• Implications of the result for the specific problem at hand (1-2 sentences) 

• Broader implications for possible future problems, readable by any colleague (1-2 
sentences)

47



Ex. 6.9: A random variable has normal distribution 
with mean 10.0 and standard deviation 1.0. Find 
the probability that a single measurement falls 
between 8 and 9.55. 

48



• Resistance of a wire 

• Depends linearly on  — and 
therefore strain  (and stress ) 

• Resistance of  wires side-by-side 
scales as  — stronger signal 

• Glued to beam / strut / surface whose 
strain is to be measured (not easy) 

•  resistance varying 
 with strain; use 

Wheatstone bridge! 

• Key parameter: gage factor :

L
ϵ σ

N
Nϵ

R = 120 Ω
δR ≈ ± 0.1 Ω

GF

Strain gages
50

R = ρL
A

resistance  
of a wire

A

L

cross-sectional area

length

resistivity 
 for Cu1.68 × 10−8 Ω ⋅ m

δR
R

= GF ϵ



Ex. 6.14: From a batch of resistors, you measure 36 
resistances, finding the average to be  and the 
standard deviation to be . Determine the 90% 
confidence interval of the mean resistance of the 
batch. 

25 Ω
0.5 Ω

51
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Hallgrimskirkje,  
Reykjavík, Iceland



Student’s t distribution
53

f(t, ν) =
Γ ( ν + 1

2 )
νπ ( ν

2 ) (1 + t2

ν )
(ν+1)/2

Gaussian when .ν = ∞



Student’s distribution (Wheeler & Ganji Table 6.6)
54

Area (probability)degrees of  
freedom

tα/2 t = x − μ
S/ n

Area of tail, not hump!



Student’s distribution (Wheeler & Ganji Table 6.6)
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Ex. 6.15 (updated): A manufacturer of 3D printers 
would like to estimate the mean failure time of a 
competitor’s product with 95% confidence. Six 
systems are tested, and their failure times (in hours) 
are 1250, 1320, 1542, 1464, 1275, and 1383. 
Estimate the population mean and 95% confidence 
interval of the mean.  

56



 distributionχ2 57

f(χ2) = (χ2)(ν−2)/2 e−χ2/2

2ν/2Γ ( ν
2 )



 distribution (Wheeler & Ganji Table 6.7)χ2 58

Area (probability)
degrees of  
freedom

χ2



Ex. 6.17: To estimate the uniformity of the diameter 
of ball bearings in a production batch, a sample of 
20 is chosen and carefully measured. The sample 
mean is 0.32500 inches, and the sample standard 
deviation is 0.00010 inches. Obtain a 95% 
confidence interval for the standard deviation of the 
production batch. 
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Thompson’s  (Wheeler & Ganji Table 6.8)τ 60



Ex. 6.18: Nine voltage measurements in a circuit 
have produced the following values: 12.02, 12.05, 
11.96, 11.99, 12.10, 12.03, 12.00, 11.95, and 
12.16 V. Determine whether any of the values can 
be rejected. 
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Ex. 6.20: A linear variable differential transformer 
(LVDT) is a transducer for measuring displacements, 
which outputs a voltage. Five displacements  and 
corresponding voltages  are listed below. 
Calculate the best linear fit and coefficient of 
determination.  

 (cm): 0.00, 0.50, 1.00, 1.50, 2.00, 2.50 
 (V): 0.05, 0.52, 1.03, 1.50, 2.00, 2.56

Li
Vi

Li
Vi

62
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Linear variable differential transformers (LVDTs)
• Produces voltage linearly related to 

displacement 

• Drive AC current through Coil A 

• Resulting AC magnetic field induces AC 
currents in B and C 

• Field and voltage drop concentrate near 
ferromagnetic core 

• Voltages add; additional circuitry gives DC 

• Range up to ~cm, resolution < μm, linearity < 
0.5% 

• Core mass can cause mechanical loading 

• High-frequency signal requires high-frequency 
excitation

64
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+
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KVL : V2 = VB + VC



Ex. 7.1: A circuit’s power consumption is given by 
, where the measured current and voltage 

are  A and  V, both at 95% 
confidence. Determine the 95% confidence interval 
for . 

P = IV
I = 10 ± 0.2 V = 100 ± 2

P

65



Ex. 7.2: A manometer is a device in which pressure 
can be determined by measuring the height of a 
column of fluid. You are choosing the fluid for a 
manometer that has 0.1 mm uncertainty in reading 
the scale, and you need an accuracy of 0.1% of the 
maximum reading, 10 kPa. If the fluid has nominal 
density 2500 kg/m3, what uncertainty in the density 
is acceptable? 

66



Ex. 7.7: The manufacturer gives this data about a 
pressure transducer: range ±3000 kPa, sensitivity 
±0.25% of full scale, linearity ±0.15% of full scale, 
hysteresis ±0.10% of full scale (all at 95% confidence 
level). To test the transducer, many measurements were 
made in a tank held at 1500 kPa; the resulting standard 
deviation was 10.0 kPa. Many tests of the data 
transmission system resulted in a 5.0 kPa standard 
deviation. The A/D converter produces a 3.0 kPa 
random uncertainty. Calculate the random, systematic, 
and total uncertainty of the pressure measurement. 

67



Ex. 7.10: The thermal efficiency of a natural gas internal 
combustion engine is , where  is the 

power,  is the gas mass flow rate,  is heating value. 
To establish the mean efficiency, five engines were 
tested, yielding 0.30, 0.305, 0.308, 0.306, and 0.302. 
The average values of , , and  are 50 kW, 0.2 kg/
minute, and 49,180 kJ/kg, respectively. Their systematic 
uncertainties, with 95% confidence, are 0.2 kW, 0.003 
kg/minute, and 1500 kJ/kg, respectively. Calculate the 
mean value and uncertainty of the efficiency.  

η = Pm−1
f H−1 P

mf H

P mf H
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Procedure for uncertainty analysis

1. Define the measurement process: independent parameters, functional relationship 

2. List all elemental error sources, considering calibration, data acquisition, data 
reduction, methods, etc.  

3. Estimate elemental errors, including systematic uncertainties and standard 
deviations. Be consistent with confidence level.  

4. Calculate systematic and random uncertainty for each measured variable.  

5. Calculate systematic and random uncertainty for each result.  

6. Calculate total uncertainty for each result. 
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