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The flow of cerebrospinal fluid (CSF) through the perivascular spaces (PVSs)
and interstitial fluid (ISF) in the extracellular space (ECS) is important for
brain waste removal and drug delivery. The circulation of this flow is often
called the glymphatic system. We build on an existing hydraulic network
model of steady flow in this system to enable the study of time-dependent
flows, allowing the modelling of the processes of tracer injection and drug
delivery in the glymphatic network. Using flow rates from the steady-
state model and the method of Laplace transforms, we solve this time-
dependent advection—diffusion equation for the network semi-analytically
and show that the solution closely matches numerical simulations. We find
that a particular value of the endfoot gap cavity fraction maximizes solute
perfusion. Furthermore, we find that a smaller gap fraction around PVS
segments at the brain surface and a larger gap fraction around deeper
PVS segments produce more uniform perfusion, which is consistent with
a previous study (Wang et al. 2021 Glia 69, 715-728 (doi:10.1002/glia.23923)).
We also observe that greater permeability of the ECS improves perfusion,
and that tracers with lower diffusivity exhibit enhanced perfusion.

1. Introduction

Cerebrospinal fluid (CSF) flow in perivascular spaces (PVSs) and possibly inter-
stitial fluid (ISF) flow in extracellular spaces (ECSs) play a vital role in clearing
protein waste from the brain. Metabolic waste produced by brain tissue is par-
tially transported and removed by these fluids through advection and diffusion.
This waste clearance system is often called the glymphatic system. The CSF in-
flow in the PVSs is hypothesized to exchange with the interstitial or extracellular
fluid via bulk flow through aquaporin-4 channels on astrocytic endfeet and the
inter-endfoot gaps lining the outer wall of the PVSs, followed by an efflux of
fluid along the perivenous spaces, meningeal lymphatics or the subarachnoid
space (SAS) [1-3]. Beyond the brain, the CSF pathway extends into the spinal
cord, where CSF flows through PVSs and SASs surrounding the spinal vascu-
lature. Similar transport pathways have also been identified in the optic nerve,
retina and the hearing system [4,5]. Additionally, CSF flow offers a promising
route for drug delivery to treat neurodegenerative diseases, providing a path-
way for drugs that cannot cross the blood-brain barrier. Measurements of CSF
flow typically rely on tracer injection experiments (especially for penetrating
PVSs). Consequently, modelling solute transport within the glymphatic sys-
tem is essential for tracer-based flow measurements and for optimizing cerebral
drug delivery.

Several brain-wide models have been developed to study the flow character-
istics in PVSs [6-8]. Using a branching tree model of PVSs and the surrounding
parenchyma, the model developed by Tithof et al. [6] predicts fluid flow rates
by estimating the hydraulic resistances of branching pathways, accounting
for interconnected loops present in the pial (surface) vasculature [9]. A global

©2026 The Authors. Published by the Royal Society under the terms of the Creative Commons Attribution License
http://creativecommons.org/licenses/by/4.0/, which permits unrestricted use, provided the original author and
source are credited.

Downloaded from http://royalsocietypublishing.org/rsif/article-pdf/doi/10.1098/rsif.2025.0822/5746465/rsif.2025.0822.pdf

by

guest

on 11 February 2026


https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1098/rsif.2025.0822&domain=pdf&date_stamp=
https://doi.org/10.1098/rsif.2025.0822
mailto:d.h.kelley@rochester.edu
https://orcid.org/
http://orcid.org/0000-0002-2463-6316
http://orcid.org/0009-0002-1078-9028
http://orcid.org/0000-0001-5178-128X
http://orcid.org/0000-0002-7127-8654
http://orcid.org/0000-0001-9658-2954
http://creativecommons.org/licenses/by/4.0/

(C) Astrocyte endfoot

Artery l l
CSF flow
PPN PVS|
/" gECS .\ l l }_
=
’_
N
= e
semi-analytical solver numerical solver 0.5
(d) Y (e) (f)
t=0.42 h t=0.42h N _e_ A t=10s
0.4 S A\ t=55
o o
1005 So3
0} =
2 £
3 £0.2
50 & S
S [
o S 0.1
0 0\‘—*7 =]
0 0.5 L
t (h)

Figure 1. Sketch of the network model and verification of the semi-analytical solution. (a) The modelled perivascular geometry, with colours indicating different segment
types, adapted from [6]. Blue and pink dashed lines surround the model regions that are enlarged in (b). (b) Hydraulic resistances model pial PVSs (black), penetrating
PVSs (red), all other segments and the efflux routes (grey). Capillary PVSs (green) and parenchymal segments (purple) branch from each penetrating PVS. (c) Sketch of
the endfoot wall, which separates the PVS of the penetrating artery from the surrounding ECS. Gaps between endfeet provide the potential pathway for fluid and solute
exchange between the two fluid domains. Created with BioRender. The models are tested using a 9-generation hexagon model [9]. (d,e) Solute distribution att = 0.42 h,
using the semi-analytical solver and the numerical solver using a time step At = 15, both with a steady inlet concentration of C = 100 and inlet pressure of p = 6.6 Pa
(0.05 mmHag). (f) The maximum error between the semi-analytical solution and the numerical solution decreases with decreasing At.

pressure drop was applied to reproduce previously measured velocities at the brain’s surface. Quirk et al. [10] extended the model
to solve for steady-state solute transport in the PVSs and the surrounding parenchyma. This extended model helps to determine
the spatial distribution of solute in a steady state, to explore the roles of important parameters and to inform future experiments.
However, neither of these models incorporates time-dependent solute transport within the network of the glymphatic system.

Efficient clearance and nutrient transport in the brain require adequate perfusion throughout the entire cortical depth. First-
principles analysis suggests that, in a large organ like the brain, insufficient perfusion results in non-uniform solute distribution
and waste accumulation—conditions incompatible with healthy brain function [3,11]. One way to measure perfusion in the brain
is tracer injection experiments. Tracer entry into PVSs depends on molecular size and weight: larger molecules are often restricted
to the SAS, whereas smaller solutes penetrate deeper into the cortex. Experiments have demonstrated that dextrans with molec-
ular weights of 2000 kDa or less enter cortical PVSs [12], but larger luminescent particles do not [13]. Numerous experimental
studies in both humans and mice have shown that small tracers injected into CSF penetrate beneath the brain’s surface, leading
to nearly uniform CSF perfusion throughout the cortical depth [6,14-17]. That finding aligns with the intuitive expectation that
cells of the same type have similar needs for waste removal, regardless of their location in the brain, so CSF perfusion should be
uniform.

While a low-resistance fluid pathway facilitates solute influx, a balanced distribution of resistance within the network may
promote more uniform perfusion, ensuring efficient solute delivery throughout the brain. Resistance is provided in part by the
astrocyte endfeet that form the outer boundaries of penetrating PVSs, with gaps between endfeet thought to facilitate fluid ex-
change between the PVSs and surrounding parenchyma (figure 1c). Wang et al. [18] measured the distribution of endfoot gaps
around penetrating arteries, finding that PVS walls around smaller vessels have greater gap length per unit wall area. That is, as
vessels narrow, individual endfeet decrease in size, so more endfeet are required to cover a PVS wall of the same area, resulting
in a higher density of gaps. Assuming that distal vessels are narrower, we would expect gaps to cover a greater portion of the
perivascular wall in deeper brain regions. Those authors noted that this gap distribution leads to a corresponding decrease in flow
resistance with depth, thereby sustaining a uniform CSF flux through the endfoot gaps. Additionally, Tithof et al. [6] highlighted
that for solutes to reach deeper brain regions rather than leaking into the parenchyma near the surface, the flow resistance in the
penetrating PVS must be substantially lower than that of the parenchyma. We carried out simulations with the solute transport
model to study these effects.

In this study, we extend the capabilities of the solute transport model developed by Quirk et al. [10] to study time-dependent
transport within the network. We employ a semi-analytical solution using the Laplace transform for one-dimensional (1D) solute
transport with a given steady CSF flow velocity. We account for Taylor dispersion in the PVSs by incorporating enhanced diffusiv-
ities in the axial direction [19,20]. We show that the solutions closely match results from a numerical solver based on the spectral
method. The semi-analytical approach offers a fast and accurate algorithm for computing solute concentration at any given time
and location.

We find that a particular value of the endfoot gap cavity fraction maximizes solute perfusion. Furthermore, we find that a
smaller gap fraction around PVS segments at the brain surface and a larger gap fraction around deeper PVS segments produce
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more uniform perfusion, consistent with the model proposed by Wang et al. [18]. We also observe that greater permeability of the
ECS improves perfusion, consistent with the findings of Tithof et al. [6] and that tracers with lower diffusivity exhibit enhanced
perfusion.

2. Methods

2.1. Governing equations

The model represents the network of PVSs in the territory of the middle cerebral artery on the surface of the mouse brain and
the penetrating PVSs that extend from it. For completeness, the model also includes capillary PVSs extending from penetrating
PVSs. The existence of capillary PVSs is the subject of an ongoing debate, but at least one recent study presented evidence for them
[21]. The simplified network geometry of pial channels arranged in hexagonal loops and connected to penetrating channels was
proposed by [22] to capture key aspects of cerebral blood flow. Later, the model was updated to simulate flow through the PVSs
surrounding these blood vessels [6]. The PVSs of the penetrating artery are modelled as open space, equivalent to an effective
permeability of 1.9 x 10712 m?2 [6]. The PVSs of the precapillary spaces are modelled as porous media. Within these PVSs, solute
transport is governed by the time-dependent advection—diffusion equation:

oc aCc _d°C

E-‘_MEZDE’ (21)
where C is the local concentration, ¢ is the time, z is the axial coordinate, u is the cross-sectional average axial flow speed in the
PVS and D is the diffusivity of the solute at that location.

Fluid exchange between PVSs and the parenchyma occurs through the outer boundary of the PVSs of the penetrating arteries.
This continuous fluid exchange is expected to depend on local pressure and permeability and therefore to vary with depth. To
simplify this exchange and enable an analytical solution, we consider 11 parenchymal branches that are evenly spaced along the
z direction of a penetrating artery. The pressure profile is then linear between each pair of adjacent branches but nonlinear from
the top down to the end of the penetrating PVS, due to the fluid loss through the branches. (A similar quasi-linear simplifica-
tion has been made to estimate compressible channel flow, where the pressure drop over a short distance is quasi-linear, but the
overall pressure drop is nonlinear [23].) We model the parenchyma as a porous medium and assume that the flow there follows
1D Darcy’s law. This model is based on the assumptions that the arterial PVSs are long and straight and that the surrounding
parenchyma is axially symmetric around each PVS. As a result, the equation governing flow in the parenchyma is 1D, with the
solution given by u = gt /277, where u is the (superficial) fluid velocity, g is the volume flow rate per axial length of PVS, t is the
unit vector in the cylindrical radial direction and r is the cylindrical radial coordinate (with = 0 at the PVS centreline) [10,24]. In
the parenchyma, the time-dependent advection and diffusion equation reads

8C g aC 18C 32C

T e v eff;W‘FDeffﬁ, (22)

where D = D/A? is the effective diffusivity in the porous ECS and 1 = 1.20 is the tortuosity of the ECS [25]. The nonlinear pressure
profile along the PVS converges as the number of parenchymal branches per penetrating PVS increases. It approaches the pressure
profile obtained from a two-dimensional (2D) simulation in which fluid loss through endfoot gaps is modelled as a continuous
leakage along the PVS, thereby justifying our 1D simplification (figure 9 in appendix D).

2.2. Boundary conditions

To model solute injection, we specify the solute concentration C = Cy(#) in the most proximal pial PVS (the inlet; refer to the PVS
segment in the blue dashed box in figure 1a). We set 3C/dz = 0 at the outlet of the capillary PVSs and dC/dr = 0 at the outlet of the
parenchyma, which ensures that all tracers are carried away by pure advection there. The outlet of the parenchyma is ambigu-
ous, as glymphatic efflux is not yet well characterized; the potential outlet could correspond to the meningeal lymphatic vessels,
SASs, perivenous spaces and/or periarterial basement membranes [26]. Here, the distance between the inlet and the outlet of the
parenchyma is defined as the median arteriole-to-venule distance [6,9,22,27].

At junctions in the model, concentration is required to be continuous and solute influx is required to equal solute efflux. The
solute flux along the ith PVS is given by

oC;
Ji=5i(Cni - D52 ), 23)
where §; is the cross-sectional area through which the solute passes, and other symbols are as defined above, with the subscript i
indicating which PVS is being considered. The outer boundary of a penetrating PVS is composed of astrocyte endfeet, and gaps
between endfeet may allow fluid and solute transport between the PVS and the parenchyma (figure 1c) [18]. In that case, the solute
flux into the ith parenchymal node is given by

4C;
Ji = Fesi (Ci”i - Di?) , (24)

where F, is the endfoot gap cavity fraction, s; represents the surface area of the PVS segment and Fs; represents the total area of
the gaps on that segment.

Downloaded from http://royalsocietypublishing.org/rsif/article-pdf/doi/10.1098/rsif.2025.0822/5746465/rsif.2025.0822.pdf

by

guest

on 11 February 2026

22805707 162 onpn 205y 7 ysyjeumol biobunsyandiiaposieior [



We impose the condition that the total solute flux entering a junction (bifurcation) equals the total solute flux exiting that junc-
tion. At pial bifurcations, some solute efflux is due to CSF escaping into the SAS, as set by J,;a, the fraction of fluid that escapes.
We assume pure advection in those efflux routes given that the Péclet number there is high.

2.3. Semi-analytical solution using Laplace transforms
To calculate solute transport, we use the Laplace transform of the concentration in time:
C(s) = L(C(H), 1) = f C(t)e—st dt, (2.5)
0

where s =y + iw is a complex frequency with y > 0. Both C(s) and C(#) can vary spatially. First, considering PVSs, the Laplace
transform of equation (2.1) is

~, 8C 8°C
— —-D—=0. 2.
sC+u 3z 32 0 (2.6)
The analytical solution for C can be expressed as
N Z(i_Vu2+4sD) . i+Vu2+4sD)
C(z,s)=Kye"a> 2> ~+Kye"p' 2 7| (2.7)

where K; and K, are coefficients determined by the boundary conditions. Now, considering the parenchyma, the Laplace
transform of equation (2.2) is

q N ~
o 3z~ Deff ¢ 82C

sC+ =5, =Dett5 5 (28)

The analytical solution for C can be expressed as

k k
- [ s [ s [ s s
C(r,s)=Aq (r — Deff> T (r _Deff) + A, (r - Deff> Y (r _Deff> , (2.9)

where k = q/(4mDggf) and Ji and Y} represent kth-order Bessel functions of the first and second kind, respectively. A; and A, are
coefficients determined by the boundary conditions. Details about the derivation of these solutions are included in the appendix.
For the case of steady tracer injection, the boundary condition at the inlet reads

Cin = Co when t > 0, (210)

where Cj, is the concentration at the inlet of the network and Cj is a constant concentration. We set C = 0 elsewhere in the network
as the initial condition. The Laplace transform of equation (2.10) is

Cin(s) = % 2.11)

For the case where the tracer injection stops at time T, we specify

Cin=Cyp when0<t<T,

(2.12)
Cin=0 whenT<t.
The Laplace transform of equation (2.12) is
. Co(1—e7T5)
Cin(s)= 22—~~~ - ) (2.13)
At the outlet of the capillary PVS, we set the concentration gradient equal to zero:
aCout
——out _, 2.14
3, 0 (2.14)
At the outlet of the parenchyma (perivenous space), we also set the concentration gradient equal to zero:
aCout
— =0 2.15
ar (2.15)

These conditions establish that solute transport at these outlets occurs purely by advection.

The equations above form a system of linear equations, which we solve in matrix form in MATLAB, as described in [10]. From
the solution in the Laplace domain, we obtained the solution in the time domain using a numerical technique for inverting the
Laplace transform [28].
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Table 1. Parameter values used in the model.

parameter symbol value

pial PVS area ratio [29] 1.4

pial artery segment length [9] 175 pm

pial artery diameter [9] 46 um
. [')'er'lvet'ratﬂiné Pv\/S”a'rveaﬂraﬂtidv[z'Q]” B L
»béneffat‘in‘gértébribléblehgfh‘[g]» S 1000pm

penetrating arteriole diameter [9] 1 pm

penetrating permeability [9]

nan (open) m?
0.07

cabillarva\./S‘area rat.io‘[3(.J] ‘

effective tépilia‘ryléhgth {6] . 200 um o

capillary PVS permeability [6] 1.8 X 107%m?

apillary VS diameter 311 4, 6m

endfoot wall thickness [34] 0.45 pm
endfoot gap [35] 20nm
véhdvfddt'\v/vévll'cavvityf'réc'tidh[34,3'6]” S
. dynamlcwscosny[37] e O
median arteriole-to-venule distance [9,33] 128 ym
tracer diffusivity [12] 10-2000 pm? s~
. tortu05|ty[38] e

1)( 1.0;17{0.5 .X.m_].s,n.l,z. e

2.4, Vlerification of the semi-analytical solution

The semi-analytical solution was shown to closely match results from a numerical solver, described in the appendix. We performed
the simulation using both methods on a hexagon model with nine generations of vessels [6] and extracted the solute profile at a few
times (figure 1d,e). We found good agreement between the two methods. The relative error between the semi-analytical solution
and the numerical solution decreased as we decreased the time step (At) used for the numerical solution (figure 1f), demonstrating
the accuracy of the semi-analytical solution. The analytical solution remains valid regardless of whether advection or diffusion is
the dominant transport mechanism. In particular, it holds for a diffusivity as low as D =1 pm? s™! and a velocity as high as u =
200 um s™!, well beyond the advective limits reached in tracer experiments. The model parameters and their numerical values are
listed in table 1.

3. Results

3.1. Proper gap cavity fraction may optimize solute perfusion

Prior modelling concluded that the flow speeds observed in vivo require the glymphatic system to have low overall hydraulic
resistance, but also that glymphatic perfusion can be uniform only if other parts of the system have much higher resistance than
the PVSs [6]. It has been suggested that gaps between astrocyte endfeet provide a pathway for fluid and solute exchange between
PVSs and parenchyma [18], as sketched in figure 1c. If they do, the need for fast flow would favour low-resistance gaps, but the
need for good perfusion would favour high-resistance gaps. Resistance depends inversely, and sensitively, on gap fraction. Gap
fraction also strongly affects solute flux, according to equation (2.4). Since gap fraction seems to play an important role in the
competing requirements of the glymphatic system, we set out to model fluid flow and solute transport while varying the gap
fraction.

First, we simulated steady injections with different gap fractions, keeping them uniform throughout the PVS network. With a
small gap fraction of 0.1%, tracer entering from the most proximal PVS (the inlet) reached deep brain regions, but the total amount
of tracer in the network was small (figure 2a). In contrast, with a large gap fraction of 32%, tracer concentration was high in the
pial PVSs (figure 2c), but little tracer reached deeper regions. With a moderate gap fraction of 0.4%, we observed high concen-
trations in both the pial PVSs and deeper brain regions (figure 2b). Figure 2d shows that as the gap fraction increased, the mean
concentration in the network (excluding pial PVSs) first increased and then decreased. The blue dashed line represents the total
flow resistance of the parenchyma, which consists of endfoot gap resistance (Repgfoot) and the ECS resistance (Rgcg). In the range
where the mean concentration increased with increasing gap fraction, total flow resistance dropped sharply, indicating enhanced

Downloaded from http://royalsocietypublishing.org/rsif/article-pdf/doi/10.1098/rsif.2025.0822/5746465/rsif.2025.0822.pdf

by

guest

on 11 February 2026

12805707 162 onpon 205y 7 ysyjeumol biobunsyandiiaposieior [



gap fraction=0.001, t= 0.4h gap fraction=0.04, t= 0.4h gap fraction=0.32, t= 0.4h

(a) (b)
120
100 O
S
80 o
0}
>
60 ot
Q
t
40 o
5
20 O
0
A
(e) 6]
c z 100 & 60
S T 80 =
= 3 550
—
€ s ©0 ©40
(] + )
©
20
ot +, 3 . S 20
o g 0 gap fraction :
GE) b e 0.32 =3 0.3% o 10
5 20 7.7% i 22% £
) 0
0.001 0.01 0.1 0.3 E 0 0.5 1 0 0.5 1
gap fraction t (h) t (h)
x10%8 .
(9) injection stops ~ > [(h) o [0
. v &5 Og
g at t=5 minutes 2 < = w
© > ©
56 15 X & ©
c ~ .=10 =4
Q n = fras
O o © S
§ 4 1 x ¢ © 3
[0}
< S Es 52
® 05 £0 c
g 2 : =R o1l
S5 :
0 * *‘*H 0 QE) 0 O &
0.001 0.01 0.1 0.3 0 0.5 1 0 0.5 1
gap fraction t (h) t (h)

Figure 2. Perfusion with varying gap fractions. (a) In simulations of steady injection, with a small gap fraction of 0.1%, tracer penetrates deeply, but little tracer en-
ters the network. (b) With a moderate gap fraction of 4%, tracer penetrates deeply and much more enters the network. (c) With a large gap fraction of 32%, the mean
concentration near the pial surface is high, but little tracer enters deep regions. (d) As gap fraction increases, the mean tracer concentration below the pial PVSs first
increases and then decreases, peaking at a 4% gap fraction. The total flow resistance of the parenchyma (including endfoot wall and ECS) decreases with gap fraction. (e)
The mean concentration in pial PVSs increases over time and increases more quickly when the gap fraction is greater. (f) Among four values of gap fractions, the mean
concentration below the pial PVSs increases over time and increases most quickly with a moderate gap fraction of 7.7%. (g—i) Simulations of time-dependent injections
yield similar conclusions.

flow and solute transport. In contrast, when the mean concentration declined with increasing gap fraction, the total flow resistance
remained nearly constant because Rgcs > Rendfoot When the gap fraction is large.

Figure 2e shows that the mean concentration in the pial PVSs increased with increasing mean gap fraction. The mean concen-
tration in the network, excluding the pial PVSs, was highest with a moderate gap fraction (figure 2f). Similar trends were observed
in time-dependent injection simulations (figure 2g—i). Tracer clearance was faster when the flow resistance was lower (large gap
fraction). After injection ceased at f =0.5 h, simulations with larger gap fractions showed lower concentration in the pial PVSs
(figure 2h) and slower increase (or even a decrease) of concentration elsewhere (figure 2i), as efflux took over.

3.2. Improved perfusion when gap fraction increases with depth

According to the measurements of Wang et al. [18], the gap cavity fraction increases monotonically with arterial diameter. Since
the penetrating artery diameter decreases with brain depth, and the number of bifurcated arteries increases [22], it is reasonable
to assume that the gap fraction increases monotonically with depth (figure 3a). Those authors also suggested that this gap dis-
tribution helps maintain near-uniform perfusion, in that the rate of flow from PVSs to the parenchyma is nearly independent of
tissue depth. Here, we compare solute transport simulations with such gap fraction distributions to simulations with a constant
gap fraction while keeping the mean gap fraction the same (15%). We set a steady inlet concentration of Cy =100 and an inlet
pressure of 6.6 Pa (0.05 mmHg, corresponding to a flow velocity of ~ 40 um s71, which varies slightly for simulations of different
gap distributions).

We varied the gap cavity fraction in proportion to the first, second and third powers of depth and compared these cases to
simulations with a constant gap cavity fraction, ensuring the same mean value across all scenarios. By definition, a higher power
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Figure 3. Perfusion with varying gap fraction distribution. (a) Illustration of gap fraction that increases with depth, created using BioRender. (b) Solute distribution
at t = 0.8 h for a simulation where gap fraction is constant and injection is steady. (c) Solute distribution at t = 0.8 h for a simulation where gap fraction increased
linearly with depth. We compared the constant gap fraction case to cases in which the gap fraction varied proportionally with the first, second and third powers of depth.
The mean concentrations in the pial PVSs were nearly identical in all cases (d), but the mean concentrations in the rest of the network (including the penetrating PVSs,
precapillary PVSs and ECS) increased with the power index (exponent) (). (f) The concentration deep in the tissue was higher when gap fraction increased more sharply
with depth. (g) We performed time-dependent injection simulations, where we set the inlet concentration (, = 100 at ¢ < 5 minand C=0at t > 5 min. (h,i) We found
higher tracer concentration in the network with a gap fraction that monotonically increased with depth.

index (exponent) implies that gap fraction increases more rapidly with depth. With a constant concentration at the network inlet,
tracer penetrated deeper in a simulation where the gap cavity fraction increased with depth (figure 3c) than in one where it did
not (figure 3b). That observation fits our intuition that small gaps near the surface would tend to prevent tracer from escaping
PVSs there, instead allowing it to be transported deeper along penetrating PVSs.

Varying the power index of the gap distribution in simulations of steady injections, we found that the mean concentration in
the pial PVSs remained nearly unchanged (figure 3d), but concentration elsewhere increased more rapidly over time if the power
index was larger (figure 3e). Additionally, increasing the power index led to a greater accumulation of tracer in deeper brain
regions (figure 3f). Similar trends were observed in simulations where injections were stopped after 5 min, following a typical
experimental protocol [12] (figure 3g—i).

3.3. Evaluating perfusion with centroid and standard deviation

We evaluated perfusion with two quantities: the centroid of tracer mass and the normalized standard deviation of the tracer
concentration within the network. The location of the centroid is
n s -
S i=1 Ci i
fo=XesYerZe) = T,
where 1 is the total number of segments, C,; is the average concentration in the ith segment, 7; is the geometric centroid of the ith
segment and C is the volumetric average concentration of the entire network. Since we simulate tracer injection from the surface,
good perfusion is typically indicated by a centroid located deeper in the tissue (smaller z.). The coordinate system is illustrated in
figure 1, where the x- and y-axes define the lateral plane of the network, with the y-axis serving as the approximate axis of sym-

3.1)

metry, and the z-axis oriented opposite to the direction of brain depth. Similarly, good perfusion implies a more uniform tracer
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Figure 4. Evaluating perfusion with tracer centroid and spatial standard deviation. (a) In simulations of steady injection, the tracer centroid remained on the approxi-
mate centreline of the system (x. = 0) regardless of time and gap distribution, as expected from symmetry. (b) The tracer centroid advanced laterally from the inlet over
time, advancing more quickly when gap fraction depends more strongly on depth. (c) The tracer centroid penetrated deeper into the tissue over time, penetrating more
quickly when gap fraction depends more strongly on depth. (d) The normalized standard deviation of concentration decreased over time, decreasing more quickly when
gap fraction depends more strongly on depth. When gap fraction was independent of depth but changed from one simulation to the next, the tracer centroid penetrated
deepest with a 2% gap fraction, regardless of time (), and the normalized standard deviation was minimum for a gap fraction of 2% or 4% (f).

distribution, indicated by a smaller normalized standard deviation, given by

\/Z?:l(ci,in - Ci)z + (Ci,out - C_i)z
C

oc
- , 3.2
= (32)

where o is the standard deviation of concentration and C;;, and C; o, represent the inlet and outlet concentrations in the ith
segment, respectively.

With a steady inlet concentration of Cy =100 and an inlet pressure of 6.6 Pa (0.05 mmHg), we considered different gap distri-
butions and different mean gap fractions. In all cases, x, =0, as expected from the symmetry of the model (figure 4a). Over time,
Y¢ increased and z. decreased as tracer spread out from the inlet, again matching our expectations (figure 4b,c). When the gap
fraction power index was higher, y. and z. evolved more rapidly, indicating faster spread of tracer and better lateral perfusion.
The normalized standard derivation of concentration dropped over time, as expected, since tracer was spreading from the inlet.
When the gap fraction power index was higher, the standard deviation dropped more rapidly, indicating better perfusion (figure
4d). As the mean gap fraction was increased, the centroid height and the normalized standard deviation of concentration first
decreased and then increased (figure 4e,f). A gap fraction around 2% minimized the centroid height and the normalized standard
deviation, indicating optimal perfusion, which is consistent with the concentration measurement in figure 2.

3.4, Less-diffusive tracers exhibit better perfusion

Drugs and tracers have a broad range of molecular weights, from roughly 3 to 2000 kDa [12], which implies diffusivities ranging
from 10 to 500 pmz s71[33,39]. With a steady inlet concentration of Cy = 100 and an inlet velocity of ~ 40 um s at the mother pial
PVS, we compared simulations with different diffusivities. We observed that a tracer with a low diffusivity of 10 um? s~ exhibited
the most effective perfusion in the network, with its concentration depending only weakly on depth (figure 5a). In contrast, tracers
with higher diffusivities (100 um? s™! in figure 5b and 2000 um? s™! in figure 5c) were quickly diluted in the ECS, resulting in lower
mean concentrations in both the pial PVSs (figure 5d) and penetrating PVSs (figure 5e,f).

The finding that small-diffusivity tracers perfuse better is consistent with experiments by Iliff et al. [40], which examined deep
penetrating PVS segments and found high concentrations of small-diffusivity tracers but not of large-diffusivity tracers. We em-
phasize that such observations (caused by dilution) are evidence of tracer transport into ECSs from PVSs: otherwise, all tracers
would be transported into the smaller precapillary spaces, leaving the concentration unchanged.

Downloaded from http://royalsocietypublishing.org/rsif/article-pdf/doi/10.1098/rsif.2025.0822/5746465/rsif.2025.0822.pdf

by

guest

on 11 February 2026

€2 0o 205y Jisy/eumolbiosunsiqndiaaposiedor [

{80520t



D=10 um?%/s, t=0.2 h D=100 um?/s, t= 0.2 h D=2000 zm?/s, t=0.2 h

(a) (b) (c) 140
120
(o]
100 >
o
gso 8
+
60 o
[m )
(o]
40 S
20 O
0

=y
o
o

e}
o
—
o
f—
~
o
Ul
o

— (e) 6)

=== D=10 um?/s

== D=100 sm?/s
D=500 um?/s

== D=2000 um?/s

mean concentration pial PVSs
N iy (o)}
o o o o
mean concentration
penetrating PVSs
= N W b~ U O
o O O O O o o
mean concentration
penetrating PVSs
= N w S
o o o o o
7
«

22805707 162 onpn 205y 7 ysyjeumol bobunsyandiiaposieior |

0 0.5 1 0 0.5 1 0 500 1000

t (h) t (h) depth of the artery pm
Figure 5. Perfusion with varying tracer diffusivities. (a—c) Simulated distribution at t = 0.2 h of tracers with various diffusivities. (d,e) With higher diffusivity, we found
smaller mean tracer concentrations in the pial and penetrating PVSs. (f) At t = 0.2 h, concentration deep in the tissue is greater for large-diffusivity tracers than for
small-diffusivity tracers.

_ -15 2
kECS—5x10 m

35 120
c (b)
830 100
© o]
52 80 2
@20 e
g 60 o
915 o
§1o 20 o
£ 20 O
0
2 -15
Kgcg (M7) - <10
-50
100¢(d e f
(d) Keee (e) =02 h 9000l )
15 2 100 i t=0.4 h 8000
ol —=—5,101m ——t=0.6 h
7000
|
§ 100 26000
o § 5000
500 4000
3000
-300 2000 )
0 0.5 1 0 2 4 0 2 4
t(h) k. . (m?) x10?1° k. (m?) x10%3

ECS ECS
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ECS permeability. (f) The normalized standard deviation decreased monotonically with ECS permeability.

3.5. Reduced extracellular space permeability suppresses perfusion

We performed simulations with different ECS permeabilities and a steady inlet concentration of Cy =100 and an inlet velocity
of ~#40 pum s™!. The flow resistance of the network decreased monotonically with the ECS permeability. As we increased the
ECS permeability, we found higher mean tracer concentration (figure 6a). Increased ECS permeability also led to better perfusion
(figure 6b,c). We also found that the centroid height and the normalized standard deviation decrease monotonically with ECS
permeability, suggesting enhanced perfusion (figure 6d—f).
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sion on tracer concentration decreases over time and is weaker for tracers of higher diffusivity. (c) The diffusivity enhancement ratio is greatest near the inlet and small
through most of the network.

3.6. The effect of Taylor dispersion

Taylor dispersion caused by the shear of the flow in a PVS can, in principle, enhance mixing and dispersion in the downstream di-
rection of the flow [19]. Taylor dispersion plays a role at places where the PVS is open (not porous) [41], and the velocity varies over
a cross section. Although our model is reduced to 1D, neglecting variations in velocity and solute concentration over cross section
in PVSs, we can apply a correction to account for Taylor dispersion by increasing the effective downstream diffusion coefficient.

For an open PVS, modelled as a concentric annular tube, the leading-order governing equation for Taylor dispersion was
derived by Aris [42] and reads

0C(z, 1) aaC(z,t)_ D 02C(z, )
61‘ az = Ueff 622 5

(3.3)

where i and C(z, t) are the velocity and concentration averaged over the cross section, Degs = D(1 + kil2(r§ — r%) /D?) is the effective
downstream diffusivity due to Taylor dispersion, D is the molecular diffusivity, ry and r, are the inner and outer radii of the PVS
and k is a dimensionless constant determined by r, /r; (also described in [20]). In the pial PVSs, which we know to be open, and
the penetrating PVSs, which we assume to be open in our model, we can use equation (3.3) (instead of equation (2.1)) to estimate
the effect of Taylor dispersion.

In figure 7a, we plot the ratio between the effective diffusion coefficient D,y and the molecular diffusion coefficient D for the
mother pial PVS (where the enhancement of dispersion is greatest due to the high flow velocity there) with respect to the Péclet
number Pe = ii(r, — r1)/D, following the approach in [20]. We find that tracers with a smaller molecular diffusivity exhibit a larger
enhancement ratio, as Pe is proportional to 1/D. We simulate the system with a tracer injection at the inlet, stopping the injection
after 5 min and compare the maximum concentration in the network over time with a simulation that does not account for Taylor
dispersion. The relative difference in concentrations between these two simulations is small and generally decreases over time
(figure 7b). The difference is larger for tracers with a smaller molecular diffusivity. Figure 7c demonstrates that the enhancement
of dispersion is significant in the first few pial PVSs in the network, where the flow speed is high, but becomes negligible in the
remaining network where the flow is slower. At later times, as the solute distribution along the PVS becomes nearly uniform,
Taylor dispersion becomes ineffective in altering the already uniform distribution (as pointed out in [11]).

Based on these results, we conclude that Taylor dispersion induced by steady shearing flows in the PVSs does not play an
important role in solute transport in the network, at least over the time and length scales considered in our simulations.

4. Discussion

In this work, we have developed a semi-analytical network model to study time-dependent solute transport in the glymphatic
system. We can calculate the leading-order concentration profile at any time and place in the model. We showed that results from
our model closely matched results from a custom-made numerical solver.

Using this model, we found that maintaining small but reasonable gap fractions at the outer boundaries of penetrating PVSs
near the brain’s surface is crucial for solute perfusion. When the gap fraction was too large, tracer escaped into ECSs near the brain
surface instead of reaching deeper regions of the brain. Conversely, when the gap fraction was too small, the high flow resistance
reduced flow rates within penetrating PVSs, so tracer entered PVSs primarily through diffusion, which was too slow to ensure
adequate perfusion. We found that a gap fraction around 2% maximizes perfusion, assuming a uniform gap width of 20 nm and an
ECS permeability of 3.5 X 10712 m2. This optimal gap fraction falls within a reasonable range, as estimated by [34-36]. In Mestre
et al. [17], the CSF tracer intensity along the penetrating PVSs remained uniform for at least 500 um beneath the brain surface in
wild-type mice, suggesting that the surface gap fraction is not too large. The aquaporin-4 water channels that decorate the astro-
cyte endfeet may decrease the flow resistance of the PVS outer wall. In aquaporin-4 knockout mice, CSF inflow was reduced and
perfusion was no longer uniform through brain depth, which can be explained by a significantly increased flow resistance of the
PVS outer wall, similar to the reasoning here that too small a gap fraction hinders the flow and suppresses perfusion. However,
accurately measuring the gap fraction remains challenging because optical imaging cannot resolve such small spaces, and electron
microscopy introduces substantial fixation artefacts [34].
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We conducted simulations maintaining the same mean gap fraction but varying the spatial distribution. Specifically, we com-
pared a simulation with a constant gap fraction to simulations where the gap fraction was proportional to tissue depth raised
to the first, second and third powers. Our findings indicate that having a smaller gap fraction near the surface and a larger gap
fraction in deeper brain regions enhances tracer perfusion. This result aligns with experimental measurements of gap dimensions
and supports the model proposed by Wang et al. [18], who found that the endfoot size is proportional to the local vessel diameter.
Because the diameter of penetrating arteries decreases with brain depth, endfoot size is also expected to decrease with depth,
leading to increased gap fractions and, consequently, enhanced CSF perfusion. Also, the total number of gaps at a certain depth
is proportional to ngptery, the number of branching arteries. Since the penetrating PVS undergoes approximately 11 bifurcations
throughout its full depth and it barely bifurcates near the surface [22,43,44], the number of child arteries is expected to increase,
leading to a rise in gap density in deeper brain regions, as modelled here.

We found that higher ECS permeability results in faster CSF flow and, thereby, better perfusion of tracer. Xie et al. [25] demon-
strated that the permeability of the ECS is enhanced significantly during sleep and sleep-like states compared to wakefulness (see
also [45]). Therefore, our simulations suggest that perfusion of solutes in the brain is enhanced during sleep and sleep-like states.
Our result is also consistent with observations of minimum tracer intensity during wakefulness in injection experiments [12,25].

Furthermore, we found that tracers with lower diffusivity (heavier tracers) exhibit better perfusion across all depths of the
brain. Due to their higher Péclet number, these tracers do not become diluted by diffusing rapidly at the surface of the brain
parenchyma, so they penetrate tissue better. Finally, we found that Taylor dispersion—the enhanced dispersion induced by shear
flow in open PVSs—does not play a significant role in this solute transport model, particularly at later times or for tracers with
lower diffusivity.

Our semi-analytical solver uses Laplace transformations that are performed analytically, without any numerical approxi-
mations. However, the subsequent inverse Laplace transformations require numerical integrations in the frequency domain
(Bromwich integrals). For those numerical integrations, the solver uses approximately 60 frequency samples, and we found the
results to be more accurate than those of numerical spectral methods with as many as 3600 time steps. When the network con-
tains n branches of PVS and parenchyma segments, each segment requires two boundary conditions. The computational cost
of a conventional numerical method is approximately O(2nml), where m ~ 50 is the number of spatial nodes per segment, and
I=T/At~ 103 is the number of time steps, scaling linearly with the end time T and inversely with the time step At. In contrast, for
our semi-analytical solution, the computational cost at any time instant is only O(2nk), where k ~ 60 is the number of frequencies
used in the inverse Laplace transform. Moreover, each frequency can be computed independently, allowing parallel computation
across CPUs. This effectively reduces the cost per CPU to O(2n), whereas the numerical solver cannot be parallelized in time since
each step depends on the previous solution. In short, the analytical framework is both more accurate and more computationally ef-
ficient compared to the numerical framework. The potential error in the former approach arises from the physical simplifications
(i.e. dimensional reduction) rather than from the algorithm itself. Both solvers were implemented in MATLAB on a laboratory
computer. The computational time for the analytical solver is five times smaller than the numerical solver per simulation using
At~ 1s.

Our model is subject to the following caveats. To derive the analytical solution, we assumed a steady flow in the network,
neglecting the oscillatory component of the CSF flow [13]. However, arterial pulsations synchronized with the cardiac and poten-
tially respiratory cycles are the primary drivers of CSF flow, which is inherently pulsatile and involves fluid—structure interactions
[15]. Incorporating the direct coupling to solute transport would require equations with time-dependent coefficients and hence
more advanced analytical techniques. With that being said, although the oscillatory component of the pulsation-driven flow can
enhance solute mixing through Taylor dispersion [11,46], we have shown that its effect is insignificant at the large length and
long time scales considered in the network (figure 7c). The current method can be modified for different steady or pulsatile fully
developed flows by updating u in equations (2.1) and (2.2) [47]. The model does not incorporate any possible driving mechanisms
of the flow [48-51], nor does it account for flow changes during the sleep—wake transition [25]. Also, the model is 1D, assuming all
PVSs have concentric annular geometry, which is not accurate. We computed the flow flux entering evenly spaced parenchyma
nodes along the penetrating PVS axis to model continuous fluid loss through the PVS outer wall. While this 1D simplification
captures axial pressure and velocity profiles resulting from fluid exchange with the surrounding tissue, a future extension to a
2D advection—diffusion model with a leaky boundary would better represent the inherently 2D nature of the problem [42,52,53].
We restricted advection and diffusion in the ECS to only the radial direction, neglecting transport parallel to the penetrating ar-
terioles. Although others have also made similar simplifications [54] to derive comparable analytical solutions, transport in the
axial direction within the ECS may play a significant role, particularly in waste clearance. Axial advection and diffusion in the
ECS can redistribute waste proteins that are uniformly produced in the ECS, thereby enhancing their clearance. The model is
computationally inexpensive, at the cost of sacrificing fidelity compared to the models of [55-57].

Furthermore, the efflux pathways of the glymphatic system remain poorly characterized, introducing uncertainty and limita-
tions to our model. Multiple routes—including surface and meningeal lymphatic vessels, SASs, perivenous spaces and periarterial
basement membranes—may each contribute to solute clearance. The solute transport varies with spatial location and the resistance
of the efflux pathways. For instance, efflux routes at the brain surface, such as the SAS and meningeal lymphatics, may remove
a substantial portion of solute tracers, thereby reducing tracer influx to the parenchyma and leading to poor perfusion. Future
studies that identify and characterize the efflux pathways are necessary.

Several parameters in the network model are highly uncertain, such as the permeabilities of the parenchyma and the penetrat-
ing PVSs. The existence and characteristics of capillary PVSs have yet to be determined. Certain parameter choices may lead to
unrealistic concentration profiles, and future studies that compare the simulated concentration over time for different parameters
with previous in vivo measurements of global solute transport could help constrain these uncertainties. Future efforts, such as
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performing sensitivity analysis [7] or Bayesian inference [58] on this low-computational cost model, could further advance our
understanding.

Our model can be extended to compare solute transport between disease and control conditions. In mice with cerebral amyloid
angiopathy, CSF flow in the surface pial PVSs has been observed to be faster, whereas global glymphatic transport is reduced by
approximately 15% [59,60]. This apparent paradox may be explained by the poor perfusion we observed when the surface gap
fraction becomes excessively large and the local flow is high (figure 2c,d). In such cases, a major portion of the solute is rapidly ad-
vected by the fast surface flow and fails to penetrate into the deeper brain regions. Beyond gap fraction changes, other factors that
may alter flow distribution within the network can also be incorporated into the model —for example, increased arterial tortuosity
observed in disease states.

Our model can also be used to guide and interpret experiments, such as trials of brain drug delivery through the glymphatic
pathway. Efforts to modulate CSF influx with ultrasound stimulation [61], multisensory gamma stimulation [62] or optogenetic
stimulation [12,63], often rely on tracer injection experiments and concentration measurements in mouse brains; our model might
be applied to such modulations. CSF flow in the mouse brain and the human brain is often measured by tracking solute using
magnetic resonance imaging [64,65]. Comparing the simulations from our model with such experiments could help us better un-
derstand hidden mechanisms. Beyond the brain, the model could be readily adapted to investigate global solute transport in other
organs, such as the liver [66].
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Appendix A. The numerical solver

The implicit discrete form of the advection—diffusion equation (2.1) for the solute transport in the PVSs is

Cn+1 —_Ccn

Tt uD,C"*1 — DD2C"+1 =0, (A1)

where 1 represents the nth time step and D, is the Chebyshev differentiation matrix [52,68]. Rewriting equation (A 1), we have
(I+ At(uD, — DD?)) C"*1 = C", (A2)

where I is the identity matrix of the same size as D,.
The implicit discrete form for the solute transport in the parenchyma equation (2.2) reads

Cn+1 —_Ccn + (Wl —_ ZﬂDeff

A P )DrC"“ — DegD?C"+1 =, (A3)

where D, is the differentiation matrix. Rewriting equation (A 3), we have

— 22D
(1 + A <%Dr _ DeffD$>) cnHl = cn, (A4)

Appendix B. Semi-analytical solution of solute transport in the parenchyma

The governing advection—diffusion equation for the solute transport in the parenchyma reads

6c g ocC 6°C  14C
- — = ==, B1
3t * 2xr or eff<arz +r5r) ®D
Its Laplace transform is
3*C  13C .
~ — = = B2
or2 TFRGR TC=0 ®2)
5 Dei—3- . A “rok 1-p q .
where R =7, /[—— and u = ——. Letting C = MR", where k = — = ——, and rearranging leads to
Dt Dt 2 47D
o 10N M
RZ—IOM+ = — + — = B
( M+ R3R *ore = ®3)
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Figure 8. (a) Image of a mouse brain, 30 min after a 3 kDa dextran injection [17]. Fluorescent intensity in arbitrary units was measured in penetrating PVSs, identified
by asterisks, and at least 50 pm into parenchymal tissue, identified by a dashed line. (b) A comparison of the experimentally measured fluorescent intensity (grey) to
simulated concentrations in penetrating PVSs (red) 30 min after dye injection. (c) A comparison of the experimentally measured fluorescent intensity (grey) to simulated
concentrations at parenchymal outlets (cyan) 30 min after dye injection. Experimental measurements are plotted with error bars indicating the standard deviation of
measurements in different wild-type mice. Simulations use a pressure drop such that the velocity along anterior third the pial surface matches the previously measured
pial velocity of 18.7 ms™' [10,17]. When applying realistic conditions to velocities in the network, the model can accurately reproduce solute transport over time.

which is a Bessel differential equation, and the general solution for M is
M= AyJi(R) + Ay Yi(R), (B4)

and the general solution for Cis

k k
&(r,5)= Ay (rw/—D‘sz) ]k<r‘/—Dseff)+A2(r1 /—Diff) Yk<r _Diff)’ (B5)

where J is the kth Bessel function of the first kind, Y} is the kth Bessel function of the second kind and the coefficients A; and A,
are determined by the boundary conditions at the inlet and outlet of the parenchyma.
The volumetric average concentration reads

27L j;:z ¥C(r,s)dr 27l Degt 4 B k+1] B
14 14 s ! Degt I\ T Degr
k+1 ="
S S
+Ay 7y [ — Y Ty —
2( V Deff) e < Vv Deff)
r=rq

where r; and r; are the radii of the inner and outer boundaries of the ECS, respectively, L is its axial length, and V is its volume.
The following properties of Bessel functions are utilized to calculate the integral in equation (B 6) and the derivative in equation
(2.4):

(@}

(B6)

d k
w =),

d(rYi(r) ®7)
7 r

d—: = k-1 Yi_1(n).

Appendix C. Comparison with experiment

To confirm that the network model can accurately reproduce the solute transport properties observed in animals, we simulated a
3 kDa dextran injection performed by Mestre et al. [17]. In this experiment, the dye was administered for 5 min and the mice were
sacrificed 30 min after injection. To simulate this scenario, a high concentration is held fixed at the inlet of the network for 30 min.
The results of one such simulation are shown in figure 8b,c. The parameter values are the same as those shown in figure 1, using
the lower bound of parenchymal permeability and a gap fraction that is proportional to —z°. The diffusion coefficient for 3 kDa
dextran is 2.33 x 1071 m?s™!. The change in concentration with depth is similar between the experimental and simulated cases,
demonstrating that the model can exhibit realistic behaviour.

Appendix D. Check of the simplified model

In order to simplify the network and enable an analytical solution, we have modelled the fluid exchange between the PVS and the
parenchyma by calculating the flux into 11 evenly spaced parenchyma nodes along each penetrating PVS. However, in reality,
this fluid exchange is continuous through all the endfoot gaps on the PVS outer wall, which poses an inherently 2D problem. In-
creasing the number of 1D parenchymal nodes should better approximate the 2D problem. Therefore, to justify the simplification,
we performed simulations with different numbers of parenchymal nodes per PVS using a hexagon model. We found that the con-
centration profiles are similar (figure 9a,b). We also found that the pressure distributions (with depth) converge as we increase the
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Figure 9. Comparison of simulations with different numbers of parenchymal nodes per penetrating PVS using a one-generation hexagon model. (a) Concentration pro-
file att = 0.6 h for the simulation with five nodes per PVS. (b) Concentration profile at t = 0.6 h for the simulation with 15 nodes per PVS. (c) As we increase the number
of nodes per PVS, the pressure converges to the cross-sectional average pressure computed from a 2D simulation using lubrication theory, in which fluid leaks through
endfoot gaps continuously along the penetrating PVS.

number of nodes (figure 9c). The converged pressure distribution matched the distribution of cross-sectional averaged pressure
obtained from a 2D simulation using lubrication theory [52], in which the fluid exchange through the endfoot gaps is continuous
along the outer wall and the same pressures are applied at the inlet and outlet of the penetrating PVS.
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