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Influence of radiative damping on the optical-frequency susceptibility
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Motivated by recent discussions concerning the manner in which damping appears in the electric polariz-
ability, we show thata) there is a dependence of the nonresonant contribution on the damping aftg that
damping enters according to the “opposite sign prescription.” We also discuss the related question of how the
damping rates in the polarizability are related to energy-level decay rates.
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[. INTRODUCTION imaginary part of the polarizability2) implies an absorption
coefficient having the usual Lorentzian form
Several recent papers address the question of how mate-
rial damping effects should be included in the response of an Y 3
atom or molecule to an applied electric figlt-5]. We will (w—wg) 2+ %' ©
consider the simplest case, that of the linear atomic polariz-
ability, which in the absence of damping is given by theas well as a nonresonant part
Kramers-Heisenberg formula,
__r_
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eZ
ai(w)= 37 > Irjil?
: for a transition of frequencywy and linewidthy, and one
might question whether, as a matter of principle, E4).
e%ontributes to the absorption line shape. In his consideration
of possible corrections to the Weisskopf-Wigner line shape,
Lamb[7] noted that “such a contributioras Eq.(4)] appears
in some derivations,” but added that it would be negligible
compared with the resonant contributi(s).
The effect of damping on the nonresonant part of the po-
larizability is not an entirely trivial matter, and the literature
1 1 relating to the subject reveals significant disagreement on
- + -
wji—o—iy; wjtetify;)’ some rather basic aspects of dissipation theory. The purpose
of this paper is to address the principal points where there is
2 disagreement and to obtain what we regard as the correct
form of the polarizability when damping is included.
where é=+1 according to the so-called “opposite sign” In the following section we consider the problem of the
prescription and= —1 in the “constant sign” prescription. electric-dipole interaction of a two-level atom with the quan-
The difference appears only in the nonresonant terms, and tized electromagnetic field, assuming that all but one of the
therefore unimportant in most situations. However, the quesfield modes are initially unoccupied. Using the rotating-wave
tion of which prescription is the correct one raises some inapproximation(RWA) for the atomic source field but not for
teresting points, as we shall see, and the purpose of thihie applied field, we obtain exactly the result cited earlier
paper is to address some of these points as well as to answ@&], and in particular we find that there is no contribution
the question of whether one should take+1 oré=—1in  from (radiative damping to the nonresonant term in the po-
Eq. (2). larizability. In Sec. Il we go beyond the RWA in the atomic
One might ask first whether a damping term should apsource field and find that the damping now appears in the
pear at all in the nonresonant part of the Kramers-Heisenbengonresonant term, and that it does so in accordance with the
formula, i.e., whether we should in fact take-0 instead of opposite sign prescription. Section IV presents a discussion
eitheré=+1 or é=—1. An analysis involving the diagonal- of these results, including their connection to the classical
ization of the (two-leve) atom-field Hamiltonian in the theory of radiative damping. Section V focuses on the form
rotating-wave approximation, for instance, shows that theref the damping ratey;;, and we argue that, contrary to what
is no damping term in the nonresonant denomingédy a  sometimes appears in the literatuse, depends on the sum
result that is certainly accurate for most practical purposesather than the difference of the level decay rates. Our con-
In a broader context the issue here is an old one. Thus thausions are summarized in Sec. VI.

for statei. Here wj; andrj; are the transitionangulaj fre-
guency and coordinate matrix element, respectively, betwe
states andj, and the field frequency is assumed to be far
removed from any of the atomic transition frequenaigs.
More generally one associates damping raggswith the
different transitions and writes

eZ
a’i(w):ﬁ 2 |rjil?

1050-2947/2004/62)/0238146)/$22.50 69 023814-1 ©2004 The American Physical Society



P. W. MILONNI AND R. W. BOYD PHYSICAL REVIEW A 69, 023814 (2004

I1. DERIVATION OF LINEAR POLARIZABILITY: RWA eratorsa,(t) andaj(t) that depend on the atom operators

o(t) ando'(t). The terms that are neglected in this approxi-

mation can be identified by comparing E48) and (22).
Taking expectation values over the initial atom-field state

The model we consider is described by the Hamiltonian

H :honzJF; fo@aja—dEoy on both sides of Eq(9), we have
:ﬁwolfﬁzk ﬁwkalak—iﬁ; Cu(a—al)(o+oh) <&(t)>=—iwo<0(t)>+2k Cul(oAt)a(0))ye 'K
5 —(a(0)o(t))e" ]
and transiton frequencyy interacting with the electromag- +3 ¢t [t (o awnen . o

netic field. Theo operators are the usual Pauli operators,

with ¢ and ¢ the lowering and raising operators for the we assume that the initial field stair) corresponds to a
TLA. a, anda] are the annihilation and creation operatorssingle occupied mode described by a coherent state with
for field modek, andCy = (d- e, /%) (27h w, V) Y2, with V
the quantization volume. The subscriptdenotes k,\), a(0)|e)=adve), (Yelal(0)=a(ye| (12
wherek is the wave vector associated with a plane-wave
mode of frequencys = |k|c ande, is a corresponding po- corresponding to the expectation value
larization unit vector K- g, =08 & ,,= S ,A=1,2). 12

The commutation relations for the atom and field opera- (E(t))zi(—) [ae™ = afe'“l)=&, coswt
tors give the Heisenberg equations of motion v 12

o=—i woo+§k: Cu(oa—ala,), (6)  of the applied electric field. Thus

8= —i oyt Cylo+ o). Y 2, Cl{oDay0)e ™ ~(a(0)o(1)e' ]

We have chosen a normal ordering for the field annihilation i
and creation operators, which is especially useful in the case = — —d,&cosmt{ (1)), (13)
that the applied field is described by a coherent St&i® h

(12)]. As we are interested only in determining the linear ) ) )
response, the equation of motion fag will not be needed where d, is the component of the dipole matrix element
for our purposes. along the direction of the applied fielcdi§=d2/3 for the
The formal solution of Eq(7) is spherically symmetric atom. _
We assume that the operatgy, which corresponds to the
population inversion, changes sufficiently slowly that we
may take
tS)

(g a(t")=(o(t")a(t"))=—(a(t")) (14
In one version of the RWA we ignore the coupling between
the creation operator for the field and the raising operator foin the integral appearing in E¢L0). Since we want to obtain
the atom; this corresponds, for the purpose of obtaining théhe polarizability for the TLA in a particular state, we assume
equation of motion for the field operators, to the neglect offurther that the atom remains with high probability in its
the termsalgT and oa, in the Hamiltonian(5). In this ap-  initial state. Assuming this initial state to be the lower state,

proximation the equation of motion far becomes we approximate{a,(t)) by —1, so that, using Eq13) and
the approximatior{14), we replace Eq(10) by

) t ) ,
a(t)=a,(0)e K+ ckJ dt'[o(t’)+ol(t")]e et 0,
0

o(t)= —iwoa(t)+2k Cla(Ha(0)e @ . _ d
(o(t))=—Two(a(t))+i %50C03wt

—af(0)o(t)e' ]

t
o -> czf dt'(o(t"))elext’ =0, (15)
+2 czf dt’ o (t)o(t")el et b, (9 ko
Wi k luti f Eq15) of the f
Note that we arenot making a RWA in the free-field opera- @ seek a solution of Eq1S) of the form
tors a,(0) anda/(0), sothat both annihilation and creation (o(t))y=se ®t+reiet, (16)
free-field operatorga,(0) and aE(O)] appear in Eq.(9).
Rather, we are making the RWA in the part of the field op-with s andr constants to be determined. This implies
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i(wo—w)Sefi‘”t-H(wo-i- w)re't
_|d
2n°
—[y+(0)—iAi(w)]re'",

—go(e et [y _(w)—iA_(w)]se !
(17
where
t 1 ’
Vi(w)=ReE CﬁJ dt’ el (ek= o) (t' =1
k 0

V 27
_)WWJ’ d3kwk; |d-eK’)\|2775(wki (1))

fdQQ%’ﬁ(Qﬂ“(u J' désin’e

Zﬁc3
d?w®
3ﬁc3f dQQ35(Q*+w)= B U(+w)
(0>0) (18
and
A 2d? _ »d003 19
“0)=30" ), 07w (19
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. _ d,
(1) = —i (1)) —i 7€ coswt(ay(1))

+; C fdt (o) a(t"))
(o (D)o (t) e Y
9 t
-3 i i t)e)
k 0

+(o(t) o (t))]e e~ (22)

when we take expectation values as before. The approxima-
tions tantamount to Eq14) are

(o()o(t"))=(o,(t")a(t"))=—(a(t")),
(a0 (t))=(o(t) (1) =(a"(t),
(o (t) o (D)=(o (1) o (t"))=—(a" (1)),
(a(t) o (1)=(a(t)o,(t")=(a(t")),
where we use the equal-time identities,(t)o(t)
=—0o(t)o,(t)=—0a(t). Using these approximations in Eg.

(22), together with the approximatiofu,(t))=—1 in the
second term, we obtain the non-RWA extension of B@¢)

(23

for t>1/w, whereU is the unit step function. Note that the ((t))= —iwg(o(t))+ igo COSwH—E C ftdt’
0

damping ratey_(w) is frequency-dependefB]. [A . (w) is

obviously divergent but, as discussed in Sec. IV, this has no
direct bearing on our conclusions regarding the effect of
damping on the polarizability.To obtain the polarizability

a(w) we write

p=dy(oy)=dy((o)+(c))=2d, Re (s+r*)e "]

=Rd a(w)Ege '] (20)
for the induced dipole moment. This yields
_d? 1
a(w)_S_ﬁ wog—w—A_(w)—iy_ (w)
1
(21)

gt oA (@) Fiys (@)

X (o) o enen D=3 ez o
0

X[—(aT(t"))+(a(t))]e o' -, (24)

It is important to note that in Eqg23) we have used the
commutation relations between,(t) and o(t), o'(t), and
have obviously not made the approximation thatcould be
replaced by—1. The latter approximation is made only in
the second term of Eq22), whereo, multiplies the applied
field but no atom operator, so that the approximation does
not violate the commutation relations from which we ob-
tained the equations of motion. The two approximations are
different: that made in Eq(23) assumes thatr,(t) varies
little on time scales-1/w, for field frequenciesv,~ w that

will contribute significantly to the variation of o(t)),

Note thaty, (w)=0, and that therefore there is no dampingWwhereas that made in replacingo,(t))&coswt by

contribution to the seconé¢honresonantterm. y_(wq) is

—&ycoswt assumes that the atom remains with high prob-

half the radiative decay rate of the upper state in the absen@®lility in its lower state because the field frequency lies out-

of any applied field.

I11. DERIVATION OF LINEAR POLARIZABILITY
WITHOUT RWA

side the absorption linewidth. The difference between these
two approximations involvingr, turns out to be irrelevant
for the final results when the RWA is made, as is clear from
Eqg. (14).

We again have a solution of the forfh6), now withsand

Let us now recalculate the polarizability, this time retain-r satisfying

ing both terms inside the integral of E¢B), i.e., without

making the RWA in thgsource field produced by the atom

under consideration. Then E(®) is replaced by

dy
Xs+Ur*= Zﬁgo,
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X
2

Vs+Yr*

(29

where
X=wo~0—[A_(0)~ A (0)]-i[y-(0)tyi(0)],
U=[A_(0)-A (o)]ti[y-(0)tyi(o)],
Y=wotw+[A_(0)-A(0)]+i[y_(0)+y. ()],
V=[A_(0)=A (o)]+i[y-(0)t vy (w)]

Assuming thaty. (o) and A.(w) are small in magnitude
compared tawy* w, we have

(26)

dy& 1
=25 X
A& 1
T 2% wo—w—[A_(0)— A (0)]-i[y-(0)+7:(0)]
R =
“=2n Y
_di& 1
2k wotwt[A_(0)= A (0)]Fi[y_(0)+yi(0)]
(27)
and, from Eq.(20),
B d?/3%
@)= Zo=TA (@) =2 (@)]=1[7_ (@) +7: (@)]
N d?/34a
wot w+[A_(0)—A (o) ]+i[y_(0)+ v+ ()]
(28)
1V. DISCUSSION

In contrast to the RWA resul21), A (w) and y.(w)

(28). Consider first the physical significance &f.(w), as-
suming that the frequency of the initially occupied field
mode is sufficiently close ta that we may take

2d? - Jw das
0

A-(@)=A(wo)= 5P | 60y

(29

and focusing only on the resonant termdw). In a more
complete analysis involving the transformation from the fun-
damental minimal-coupling form of the Hamiltonian to the
electric-dipole form, it is found that the additional term
27 [d3P-. P+ appearing in the transformed Hamiltonian has
the effect of replacing Eq29) by [9]

2d’wg (= dQO

Af(wo)% 3’7TﬁC3I

I o (30)

PHYSICAL REVIEW A 69, 023814 (2004

With this modification it is seen thai\(wg)=A_(wg)
— A, (wg) is simply the(unrenormalizedTLA radiative fre-
quency shift, i.e., the difference in the radiatieeel shifts of
the two leveld[10]. In general, however, the approximation
(30) is not applicable, and the radiative level shita .. (w)
depend on the frequency of the initially occupied mode. In
the polarizability Eg. (28), the frequency shiftA(w)
=A_ (w)—A,(w) adds to the field frequenay in both the
resonant and nonresonant terms, whereas in the R\Wav)
does not appear in the resonant term and w) does not
appear in the nonresonant term. In other words, the RWA
does not correctly include the radiative frequency shift as the
difference in the radiative level shifts of the TLA.

The expressions for the level shifts\ . (w) are specific
to the TLA model, but are easily generalized to the case of a
real atom. This extension, even with the standard renormal-
ization procedures, still leaves us with divergent level shifts
in the nonrelativistic approximation. A high-frequency cutoff
mc?/# results in Bethe’s approximation to the Lamb shift
[10]. Since this procedure is very well known, and we are in
any case only concerned with the form in which the radiative
corrections appear in the polarizability, and not their numeri-
cal values, we will simply assume henceforth that the fre-
quency shift has been accounted for in writibg* w.

Thus

d2

3ﬁ wo—

1
w—iy(w) witotiyw))’

(31

a(w)=

where y(w)=vy_(w)+ v, (w). Just asA(w), i y(w) is ef-
fectively an addition to the applied field frequensy Unlike

the frequency shift, however, the damping radev) is half

the sum of the decay rategy.(w) of the two levels. Of
course the decay rate, (w) of the ground state in our two-
level model is zero but, as discussed in the following section,
Eq. (31 is valid more generally when the decay rate of the
lower level of the transition is not zero. That is, the damping
rate appearing in the contribution to the polarizability from
any given transition involves half the sum of the decay rates
of the two levels of the transition.

Regardless of whether the lower-level decay rate van-
ishes, the non-RWA resu(B1) shows that both the resonant
9hd nonresonant contributions to the polarizability have a
nonvanishing damping term in their denominators, this
damping term being half the upper-level decay rate. In par-
ticular, it is seen that the damping appears according to the
opposite sign prescription, i.e£= +1 is the correct choice
in the dispersion formula (2). The same conclusion was
reached by different lines of reasoning by Buckingham and
Fischer[2].

Note that, if y is taken to be dpositive constant, inde-
pendent of frequency, then the opposite sign prescription is
consistent with the causality requirement that the polarizabil-
ity should be analytic in the upper half of the complex
plane[11]. But in general the decay rates are in fact fre-
guency dependeri8], and causality is ensured only if the
model used to calculate(w) is itself causal. In fact, as
recalled below, radiative damping provides an example in
which this is not the case.
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In one approach to a classical calculation of the naturak=(2mwd?/€’%), make the classical resulB6) equivalent to
line shape, one considers the solutig) = Age™ ' sin(wgt) Eg. (31). These replacements involving effective oscillator
of a damped dipole oscillator with resonance frequengy  strengths; andf, are the usual substitutions required to put
The line shape is taken to be proportional to the squaredlassical oscillator results in agreement with some of the cor-
modulus of the Fourier transform responding quantum-mechanical expressions.

w® in the denominator of Eq36), or in other words the
third derivative ofx in Eq. (35), leads to a pole in the upper
half of the complexw plane, thus violating the causality
requirement that the polarizability be analytic in the upper
half plane. The nonrelativistic theory of radiative reaction is
well known to be acausal, but the acausality occurs on such
a short-time scale that relativistic quantum effects must be
and is seen to be consistent with the opposite sign prescripaken into account. For most practical purposes the acausal-

Ay (@ )
a(w)= ﬁfo dte” "'e'“! sin( wt)

1 1
o — + -
wg—w—ly wotwt+ly

(32

tion. In contrast to this, an old paper by Weisskpp?] im- ity is of no consequence. Thus, for instance, B§) leads to
plies the result the correct extinction coefficiento(w Im[ @(w)]) due to
1 1 Rayleigh scattering.
a(w)oc(wo—w—iy_ a)0+w—iy)’ (33

V. RELATION OF DAMPING IN THE POLARIZABILITY

which is consistent with the constant sign prescription. How- TO LEVEL DECAY RATES
ever, since this result is based on the integral appearing in
Eq. (32), it seems that Eq33) involves a sign error or per-
haps just a typographical error.

Since the absorption coefficient may for our purposes b
taken to be proportional to the imaginary partafeo), EQ.
(31) implies an absorption line shape proportional to

These considerations are easily extended beyond the two-
level model, with the result that the linear atomic polarizabil-
éty has the form

1

eZ
ORHS YNG
y y : 3h ] n wji—w—lyji(w)

(wo— w)*+ ¥* - (wo+ )+ %

L(w)= (34

] @

The same result, foy taken to be a constant, was obtained ojit otiyji()

on the basis of the Lorentz model by Van Vleck and Weis-

skopf[13], who noted that the minus sign in the nonresonantThe damping ratey;;(») has a “dephasing” contribution

term must be used because the excitation of the molecule kssociated, for instance, with elastic collisions, as well as a

here accompanied by emission rather than absorption of eontribution associated with the decay rate of the atomic

light quantum, a process which is excluded when the RWA isstates andj.

made[14]. Various authors have calculated or assumed—erroneously,
It is also of interest to compare the res(®1) with the  in our opinion—thaty;; involves thedifference in the decay

corresponding result given by the classical theory of radiarates of the states$ andj [5,15,16. In addition to the

tive damping based on the equation Heisenberg-picture calculation leading to the conclusion that
¥ji involves the sum rather than the difference of energy-
., 2e? -+ e level decay rates, as presented in this paper, the following

X+ wpX— 303 X = 2 Coswt. (35 simple argument can be used. L&(t) and c;(t) be the

(Schralinger-picture probability amplitudes for statésand
The polarizability of the classical dipole oscillator describedj, and lety; and y; be the decay rates of these states. Then
by this equation is ¢ (t)cj(t) andci(t)c; (t), which determine the polarizabil-
, ity, decay at _e_x[)—(1/2)(yi+ ¥j)tl, and so the linewidth in
e‘/m the polarizability must involve the sum of, and y; rather
s 5, 2., a3 than the difference. SushchinsKli5], for instance, expresses
wp—w '~ z(ie/me)w his results in terms of complex energiE$=E;— (1/2)iT};
and their differencesE{ —E{=E;—E;—(1/2)i(I'i—T)),
e? 1 1 whereas the appropriate differences entering into the polar-
T omer | ol — o iya(@)  ertotiya(w),  zability areE[* —Ef andE] - E[*.
030 Y 0 Yl Finally we note that Andrewst al. [17] have stated a
(36 polarizability sum rule which in the simplest case of the
linear polarizability can be expressed as«;(w)=0. A
where wg=\wy— 75 (w) and yq(w)=(e’/3mc®)w® The physica?l plausibilitill argument f(F))r this su?n$ rlu(le)can be ad-
replacements e*2mwj—e’f;/2mw, and e?w?/3mc®  duced as follows. Ip; is the probability that the atom is in
—e*f,w?/3mc3, where f,=2mw(d¥e’h and fy(w)  statei, then the linear polarizability at field frequenayis

ag(w)=

023814-5



P. W. MILONNI AND R. W. BOYD PHYSICAL REVIEW A 69, 023814 (2004

Going beyond the RWA, however, we found that both the

a(w)=2 piai(w). (38  resonant and nonresonant contributions to the polarizability

' have the radiative damping rate in their denominators, and

Consider the idealized limit in which all thg; are equal. that the polarizability has a form that is consistent with the

Then the polarizability and therefore the induced emission of©-called opposite sign prescription for including the damp-
absorption rate at frequency are proportional to just N9 o ) o

3, ai(w). But if all the states are equally populated the net 1he radiative frequency shift appearing in the non-RWA
induced emission and absorption rate must vanish, implyingXPression for the polarizability depends on the radiative
the polarizability sum rule conjectured by Andrewsal. evel shifts in the correct way, i.e., it is th_e dlfference of the
From the expressiorid7) it follows that this sum rule is WO level shifts. The damping rate appearing in the non-RWA
satisfied only ify;; is symmetric ini andj, i.e., y; must expression for the polarizability is half tleam of the re_ldla—
involve the sum rather than the differencesgfandy; . (We tive decay rates of the two levels, in contrast to the dlfference_
note that, in the case of thenstant sign prescription for the ©f the decay rates that has been obtained or assumed in
damping terms in the polarizability, the polarizability sum SOmMe treatments. The fact that the polarizability depends
rule would be satisfied only ify;; were antisymmetric in i symmetrically on the decay rates of the energy levels is

andj.) consistent with the polarizability sum rule of Andrews
et al. [17] when the(correc) opposite sign prescription is
V1. SUMMARY used.
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